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Combinations of random variables
Exercise A, Question 1

Question:

Given the random variables X ~o1(80,3%) and ¥~ N(50,2%) where X and ¥ are

independent find the distribution of W where:
a W=X+7,
b W=X-7.

Solution:

a EOF)=E(0) +E)
= 80 + 50
=130

Var (W) = Varl) + Var(¥)
=9+4
=13
W~ N(130, 13)

b EOFI=EX)-E)
= 80-50
=30
Var (W) = Var(X) + Var(¥)
=9+4
=13
W~ (30, 13)
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Combinations of random variables
Exercise A, Question 2

Question:

Giiven the random wariables X ~o M40, 60 F o N34 ) and W o N{49,8) where X,
Fand Ware independent, find the distribution of & where E=5+F +1F .

Solution:

E(R)=E(X) + E(F)+ E(W)
=45+ 54 + 49
=148
Var (R) = Var(X) + Var(¥) + Var(W)
=6+4+8
=18
R ~1(148, 18)
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Combinations of random variables
Exercise A, Question 3

Question:

KA, and X, are independent nermal randoem variables. A& ~M(60,25) and
KXy e M{50,18). Find the distribution of 7 where:
a T=3X,
F=Tayy
¢ T=3X+7%,.
d 7T=X-24,

Solution:
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a  E(T)=3EWX)
=3x60
=180
Var (T =9 Var(X))
=925
=223
T ~ (180, 2253 or N(180, 15
b E(1)=TE,)
=77x50
=250
War (T)=49 Var(X,)
=48x16
=734
T ~ 1350, 7847 or N(350, 28%)

¢  E(7)=E(3%,) +E(X))
= 180 + 350
=530
Var (T) = Var(3X)) + Var(7.X,)
=225 +734
= 1009
T ~N(530, 1009)

4 E(T)=E(X,)-2E(X,)
= 60— 2x 50
= —40
Var (T) = Var(X)) + 4V ar(X,)
=25+4x16
=39
T ~ N(— 40, 89)

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page2 of 2



Heinemann Solutionbank: Statistics & Pagel of 2

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Combinations of random variables
Exercise A, Question 4

Question:

F.5Y, and ¥, are independent normal random variables.
B MiB, 20,1, o N(12,3) and I, ~MN(15,4) . Find the distnibution of A where:
a A=h+h+5,

A=%-F,
¢ A=Y,-Y,+3%,
d  A=37+4%,,

e A=2Y-Y,+7,.

Solution:
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a  E@)=E@) + EE)+ BE)
=8+12+15
=35
Var (4) = Var(%;) + Var(F,) + Var(F;)
=24+3+4
=g
A 1935, 9 or N(35, )

b E()=E(F)-EX)
=15-8
=1
War (A) = Var(¥,) + Var(F)
=4 +2
=6
A7, 6)

¢ E(4)=E(X)-E()+3E()
=3-12+3x15
=41
Var (4) = Var(})) + Var(F,) + 9V ar(¥)
=2+3+5%9x4
=41
AT, 41

d E{d) = 3E{¥) +4E(%)
=3x3+4x15
=4
War (A)=9ar(X) + 16Var(¥,)
=9x2+ 16xd
=5z
A~ HNEd, 82)
e E(4)=Z2E(f)-E(%) +3E(%)
=2x8-12+ 13
=19
Var (4) = 4Var(¥) + Var(F,) + Var(r)
=4x2+3+4
=15
A~HNil1%, 15
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Exercise A, Question 5

Question:

A, B and O are indep endent normal random variables.
Aes NE0,6Y, B~ {60, 8) and O~ N{B0, 10 Find:
a P(A+E5 <115,
b P(A+E+C =198,
¢ PIE+C =138,
d P2A+E-C =70,

PlA+3E-C =140,

P{l0s= {4+ 8 <1163

Solution:
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a A+B~N(50+60,6+8)=1N(110, 14)
PA+8 <115 =F [z {M]
J14
=P (z < 1.34)
=0.9099 { 0.9093)

Anzwers which round to (awrt) 0.91

b A+ B+ ~N50+60+80,6+8+ 10) =190, 24
198—190]
24
=P (z<1.63)
= 1-0.9434
=0.0516 (0.0512)

PA+R+C > 198)=P(z>

¢ B+ C~N(60+80, 8+ 100 =1(140, 18)
138—]40]

AT
=P (z = —047)
=1-0.6808
=0.3192 (0.3186)
Awert 0319

P(B+C < 138)=P (z <

d 24+ 8- ~MN(2x50+60—80,4x6 + 8+ 10) = N(80, 42)
TO—BUJ
J4z
=P (z<-154
= 1-09382
=0.0618 (0.0614)

P(M+B—C{?U)=P[z{

e A+3B—C~N(50+3x60—-80,6+9 % 8+ 100 =N(150, 88)
140 - 150]
B8
=P (z=-107)
= 0.8577 (0.8568)
Awert 0.858 (0.857)

PA+38-C= ]4U}=P[z>

f A+3-N(50+60, 6+ 8 =N(110, 14)
105-110 116—]10]

& T s
=P(-134 <z < 160)
=0.9452 - (1 - 09099
=0.8551 ( 0.8549)

Lt 0855

P(105 <A+ B < 115)=P[
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Combinations of random variables
Exercise A, Question 6

Question:

Criwven the random wartables X ~oN(20 5) and ¥ o N{10,4Y where & and ¥ are
independent, find

a E(X-7),

b Var(X -7,

¢ PI3«<X-F=18). E

Solution:

a EX-P=20-10=10
b Va(X— H=5+4=9
¢ X—F~1(10,9

P(13<X_Y<16)=P(X—F<16)—P(X¥—¥<13)
=Pz<2)-Pz<1)
=0.9772 - 0.8413
=0.1359
Awrt 0136

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Combinations of random variables
Exercise A, Question 7

Question:

The random variable R is defined as R =X +4Y where X ~17(8,2%), ¥~ N(14,3%
and X and ¥are independent.
Find
a  E(£),
b Var(®),
¢ P(R<=41).
The random variables ¥, I} and I3 are independent and sach has the same
distribution as ¥ The random variable 51z defined as
g= %y = Lugs
S 2

d Find Var (5). E

Solution:

a E(R=EX) +4E()=8+(@x 14)=64

b Var (B)=Var (X)+ 16 Var () =2 + (16 x 3%

=148
41- 64
¢ PR=41)=P|Z« =P{Z<=-18%
{ ) [ —143] { )

=0.0204 ( 0.0293)

d S="+E+F%-05%
Var (5) =3 Var (¥) + (3 ) Var (X)
=27+1
=28
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Combinations of random variables
Exercise A, Question 8

Question:

A factory makes steel rods and steel tubes. The diameter of a steel rod 15 normally
distributed with mean .55 cm and standard deviation 0.02 cm. The internal diameter
of a steel tube 1z normally distributed with mean 360 cm and standard deviation
0.02 cm.

A rod and a tube are selected at random. Find the probability that the rod cannet pass
through the tube. E

Solution:

T~ 1(3.60, 0,022 R ~1(3.55, 0.022)
P(T<R=P(T-R=0)

E(T - R)=360-355=0.05
Var(T— R) =0.022+0.022 =0.0008
U—Uﬂﬁ]

.f0.0008
=Pz < -1.77)
=1-09616

= 0.0384 (0.0385)

P(T-R=0) =P(z <
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Exercise A, Question 9

Question:

The weight of a randomly selected tin of jam is normally distributed with a mean
weight of 1 kg and a standard dewiation of 12 g The tins are packed in boxes of & and
the weight of the box iz normally distributed with mean weight 230 g and standard

deviation 10 g Find the probability that a randomly chosen box of 6 ting will weigh
lezssthan 6.2 kg, E

Solution:

T~ (1000, 1227 B~ N(250, 102
F=N+Lh+G+0+GE+T+50
E(Y) = 6x 1000 + 250 = 6250

Var(¥) = 63 122 + 102 = 964
6200—6250J

N
=P(z < -1.61)

= 1-0.9463

= 0.0537

P(Y < 6200) =P(z <
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Exercise A, Question 10

Question:

The thickness of paperback books can be modelled as a normal random wvariable with
mean 2.1 cm and variance 0.3%cm®. The thickness of hardback books can be

modelled as a normal random variable with mean 4.0 cm and variance 1.56 cm®. &
small bookshelf 12 30 cm long

a Find the probability that a random sample of
1 15 paperback books can be placed side-by-s1de on the bookshelf,
n 5 hardback and 5 paperback books can be placed side-by-side on the

boolkshelf.
b Find the shortest length of bookshelf needed so that there iz at least a 9% chance
that it will hold a random sample of 15 paperback books. E
Solution:
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PN(21,039) H~1NE0,156)
a 1 =R+ +5+. +F;

E(H=15x21=315
Var(¥) = 15%0.39 = 5.85

30—31.5J

/5.85
=Pz < —0.62)

= 1-0.7324
=0.2676
Avert 0,268

P(Y<30)=F [z <

nr=~A+rH+.. ++H+H+ . +H

E(H)=5x21+5x40 =305
Var(¥) =5%0.39 + 5% 1.56 = 9.75

2 30.5]

975
=P(z < —0.16)
= 1-0.5636
= 0.4364
Avert 0436

P(¥<30)=P (z <

b F=P1+D5+5+ . +F;

E(¥)=15x21=315
Var(¥) = 15%0.39 = 5.85
P(Y<z) > 0.99

P (z < x_31'5]:=~ 0.99

.85

= 2.A263

=315
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Exercise A, Question 11

Question:

A sweet manufacturer produces two varieties of fruit sweet, Xtras and Yummies The
weights, X and Fin grams, of randomly selected Xtras and Tummies are such that

X o 1(30,25) and ¥ ~ N(32,16).

a  Find the probability that the weight of two randomly selected Tummies will
differ by more than 5 g,

One sweet of each variety 13 selected at random.

b Find the probability that the Yummy sweet weighs more than the ¥tra

A packet contains & Xiras and 4 Tummies.

¢ Find the probability that the average weight of the sweets in the packet lies
between 258 g and 33 g Fo

Solution:

a W=Kh-0
EW)=En)-E(R)=0
Var( i) = Var( 1) + Var( F2) = 32
P(|W] > S)=P(W=—5)+P(F =5

-5-10 a-10
= B | ot
P (z-—: M{?E ] P(z:a J?EJ
=P(z<—- 083+ F(z> 088
=(1-081061+ (1-081086)
=(.3788 (0.3768)
Awert 037900377

b W=r-X
E(W)=Eh)-En)=2
Var( W) = Var(1) + Var(X) =41

n-2
PilWF=M=P|z»—
S ( m]
=P(z>-0.31)
= 06217 (0.6226)
Aot 062200 623

c W=Ah+5h+ +E5%+PH+E+. . +5H
E{F) =4EX) +4E(F) =308
Warl =6 Var(X) +4Var () =214

Zince the total weight of the 10 sweets must be between 280 g and 330 g
280 - 308 330 - 308}

m < Z m
=P(-1.91 <z < 1.50)

= 09332 — (1 - 0.9719)

= 0.9051( 0.9059)

Awert 0.905/0.906

P(28< W< 33)=P[
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Exercise A, Question 12

Question:

It X, 4,.....&,. are independent random variables, each with mean i and variance
o, and the random wariable Z is defined as Z=X,+X,+.. +X,, show that
E(Zy=nu and Var(Z)=no*.

A certain brand of bizcuit 2 individually wrapped. The weight of a biscuit can be
taken to be normally distributed with mean 75 g and standard dewiation 5 g The
weight of an individual wrapping 15 normally distributed with mean 10 g and standard
deviation 2 g 5ix of these individually wrapped biscuits are then packed together.
The weight of the packing material 15 a normal random wvariable with mean 40 g and

standard deviation 3 g Find, to 3 decimal places, the probability that the total weight
of the packet lies between 535 g and 565 g E

Solution:

EZy=EXD+EX)+ . +E&)
= pt 4
=n i
WVar(Z) =Var (X)) + Var (5 + .+ Var (1)
=gi+at+ +ot
=na

B~N(75,5% W~N(10, 2% X~ N40, %)
W=8+5+ +5+#+F+. +F+5
E(W) = 6E(B) + 6E(#) + E(X)= 550

Var( ) = 6Var(5) + 6 Var () + Var(X) = 183
535550 565 550}

@ - @
=P(-111<z< 11D

= 0.8665 — (1 — 0.8665)

= 0732 (0.732)

P(535 < W< 565) =P [
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Exercise A, Question 1

Question:

Explain briefly what 1z meant by the term sampling and give three advantages of
taking a sample as opposed to a census.

Solution:
The selection of individual elements of a population. Advantages: low cost, results
obtained faster than a census, represents whole population, can be more reliable.
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Sampling
Exercise A, Question 2

Question:

Define what 13 meant by a census. By referring to specific examples, suggest two
reasons why a census might be used

Solution:

Every item iz observed/measured, e g Mational census for forecasting school places.
Census of a nursery school for numbers of carriers of a wirus,
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Sampling
Exercise A, Question 3

Question:

A factory makes safety harnesses for climbers and has an order to supply 2000
harnesses. The buyer wishes to know that the lead at which the harness breaks
exceeds a certain figure.

suggest areason why a census would not be used for this purpose.

Solution:

A1l the harneszses would be destroyed in testing them.
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Sampling
Exercise A, Question 4

Question:

Explain:

a why asample might be preferred to a census,

b what you understand by a sampling frame,

¢ what effect the size of the population has on the size of the sampling frame,

d what effect the variability of the population has on the size of the sampling frame.

Solution:

a  Cheaper, quicker,

b The sampling frame 15 a list of all the members in the population {1e. all the
sampling units).

¢ The larger the population, the longer the list, so the larger the sampling frame.

d  The variability of the population doesn’t change how many members are in it, the
list remains the same size 20 the size of the sampling frame isn't affected.
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Exercise A, Question 5

Question:

TTzing the random numbers 4 and 3 to give you the column and line respectively in
the random number table (table x, p. 139, select a sample of size 6 from the numbers:
a 0—99

b 50-150

¢ 1600

Solution:

a 01,06 64, 65 94 41 or 01, 18, 70, 97, 99, 56 others are possible.
b 079 056, 110, 086, 143, 108 or 136, 097, 148, 069, 137, 123; others are possible.
e 010,441, 172, 193, 249, 569 or 010, 134, 561, 5347, 570, 278,
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Exercise A, Question 6

Question:

A company wishes to do consumer marketing research using a certain town. Suggest
a suttable sampling frame and describe in detail a way of selecting a sample of 400
people aged over 21

Solution:

Electoral roll, could use systematic sampling (large number in population)
{zee next section).
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Sampling
Exercise B, Question 1

Question:

Explain briefly the difference between a census and a sample survey.
Write brief notes on:

a
b
c
d

Tour notes should include the definition, and any advantages and disadvantages

sitnple random sampling,
stratified sampling,
systematic sampling,
gquota sampling.

associated with each method of sampling

Solution:

A census 1z where information 1 obtained from every member of the population.
A sample 12 a sub-zet of the population’s information.

3]

d

A simple random sample 1z a sample that 15 taken so that every member of the
population has an equal chance of being included, all sub-groups of size # are
equally likely to be chosen and sampling is taken without replacement. It can be
difficult in a large population.

& stratified sample 15 where the population 13 divided inte mutully ezclusive
groups and is where the proportion of the sample in each of these groups is the
same as the proportion with which the group occurs in the population It 15 good
in easily stratified populations but you need to know the structure of the
population. It 15 the most representative statistically. "Within each strata members
are selected by random sampling.

Choosing at regular interwals from an ordered list; good for large populations and
easy to use; bias in ordered list can be a problem

A quota sample has the propotrtions as for a stratified sample (see part b)), but the
‘gquota’ in each group allews the interviewer to choose who to interview to fill the
gquota required in the group. Thiz iz faster and cheaper than stratified zampling but
can introduce “interviewer biag in whe is interviewed
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Sampling
Exercise B, Question 2

Question:

a Explain the purpose of stratification in carrying out a sample survey.
b The headteacher of an infant school wishes to take a stratified sample of 20% of
the pupils at hiz school. The school has the following numbers of pupils,

Year 1 Year 2 Year 3
40 &0 20

Wotle out how many pupils in each age group there will be in the zample.

Solution:

a Divides population into mutually exclusive groups, where the proportion in each
group in the sample 15 the same as that in the population. Tt 1z used so that the
‘results’ obtained will represent the “results” of the whole population as closely as
possible because this “stratification” reduces bias.

b Yearl: 8, Year 2: 12 and Year 3: 16
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Sampling
Exercise B, Question 3

Question:

A osurvey is to be done on the adult population of a certain city suburb, the population

of which 1z 2000, An ordered list of the inhabitants iz available.

a What sampling method would vou use and why?

b What condition would have to be applied to vour ordered list if the selection is to
be truly random?

Solution:

a Systematic sampling would be easy to use.

b The ordered list would need to be truly random.
Mote that if the structure of the sample of 2000 were knowsn, it would be possible
{and deswrable) to take a stratified sample. With such a small sampling frame it
would be possible to choose a simple random sample using random number

tables, which would be truly random|
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Sampling
Exercise B, Question 4

Question:

In a marketing sample survey the sales of cigarettes in a variety of outlets 15 to be
investigated. The outlets consist of small kiosks selling cigarettes and tebacco only,
tebacconist's shops that sell cigarettes and related products and shops that sell
cigarettes and other unrelated products,

a  =uggest the most suitable form of taking a random sample.

b Explain how you would conduct the sample survey.

¢ “What are the advantages and disadvantages of the method chosen?

Solution:

a Stratified — three strata.
b CQuestionnaire to 10% of each strata.

¢ Adwvantages information on each strata, results should reflect those of the
population.

Disadvantages: not suitable if sample size i1z large, strata may overlap if not

already defined.
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Sampling
Exercise B, Question 5

Question:

a Explain briefly:
1 why it 1z often desirable to take samples,
n  what you understand by a sampling frame.
b State two circumstances when yvou would consider using
1 systematic sampling,
n stratification when sampling from a population,
i duota sampling.

Solution:

a 1 Cost, tales less time than a census.
n  List of sampling units used to represent the population.
b Many possible answers, e.g.
1 shoppers at a supermarlcet when considering shopping
i students in a secondary school when locking at school meals

i voters asked which party they are going to vote for,
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Sampling
Exercise B, Question 6

Question:

& factory manager wants to get information about the ways his workers travel to
wotle, There are 480 workers in the factory, and each has a clocking in number. The

numbers go from 1 to 480, Explain how the manager could take a systematic sample
of size 30 from these wortlers,

Solution:
= @ =16
30

Eandomly select a number between 1 and 16, Starting with the worker with this
clock number select the workers that have every 16th clock number after this.
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Sampling
Exercise C, Question 1

Question:

TTzing the randem numbers on page 139, and starting at the top of the 11th column
with the number 88 and working down, a simple random sample (without
replacement) of size 10 was taken of numbers between 0 and 75 inclusive. The first
two numbers were 17 and 52,

a Find the other eight numbers in the sample.

b Explain, with the aid of a practical sitvation, how this set of random numbers

could be used to take a sample of size 10,

Solution:

a 12,6073 9 41,20, 04, 36
b Say the population was a school year of size 76, each member of this population
1z written down in alphabetical order and numbered. Students whose numbers

cotrespond to the numbers from the table are selected. Eepeats are ignored.
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Sampling
Exercise C, Question 2

Question:

a (qive one advantage and one disadvantage of using
1 acensus,
n  asample survey.

b It 15 decided to take a sample of 100 from a population consisting of 500
elements. Explain how you would obtain a simple randem sample without
replacement from this population

Solution:

a 1 Advantage very accurate, disadvantage: expensive (fime consutning),
n  Advantage: easier data collection (quick, cheap); dizadvantage: possible bias.
b Assign unique 3-digit identifiers 000, 007, ., 499 to each member of the
population. Work along rows of random number tables generating 2-digit
numbers. If these correspond to an identifier then include the corresponding
member in the sample; ighore repeats and numbers greater than 499, Eepeat this

proceszs until the sample containg 100 members,
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Sampling
Exercise C, Question 3

Question:

a Ezxplain briefly what vou understand by
1 apopulation,
n  asampling frame.
b A market recearch organization wants to take a sample of
1 owners of diesel motor cars in the TTE,
i persons lwing in Ozford who suffered from injuries to the back during July
19946,
suggest a suitable sampling frame in each case,

Solution:

a 1 Collection of individual items.
i List of sampling units,
b i List of registered owners from DVLA
n  List of people wisiting a doctor” s clinic in Oxford in July 1296
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Sampling
Exercise C, Question 4

Question:

A gym keeps a numbered alphabetical list of their 200 clients.

Explain how you would choose a simple random sample of 40 clients.

Solution:

Azsign unique 3-digit identifiers 000, O01, . 199 to the clients. Work along random
tables rows generating 3-digit numbers — include the members cotresponding to these

numbers in the sample, ignoring repeats and numbers larger than 199 Eepeat this
until the zample includes 40 members,
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Exercise C, Question 5

Question:

Write down one advantage and one disadvantage of using:
a stratified sampling,
b simple random sampling.

Solution:

a Advantage — the results are the most representative of the population since the
structure of the sample reflects the structure of the population.
Dizsadvantage — vou need to know the structure of the population before you can

take a stratified sample.
b Advantage — quick and cheap.
Dizadvantage — can introduce bias (e g if the sample, by chance, only includes

very tall people in an investigation into heights of students).
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Exercise C, Question 6

Question:

The managing director of a factory wants to know what the workers think about the
factory canteen facilities. One hundred people work in the offices and 200 work on
the shop floor.
He decides to ask the people who work in the offices.
a Suggestreasons why this 15 likely to produce a biased sample.
b  E=zplain briefly how the factory manager could select a sample of 30 workers
uzing:
1 systematic sampling,
i stratified sampling,
m quota sampling.

Solution:

a People not in office not represented.

b 1 Getalistof the 300 workers at the factory. % =10 g0 choose one of the

first ten worleers on the list at random and every subzequent 10th wotker on

the list, e. g if person 7 iz chosen, then the sample includes workers 7, 17, 27,
. 257

1 The population contains 100 office workers (% of population) and 200 shop
floot wotkers ( % of pepulation).

The zample should contain ;_X 30 = 10 office wotkers and %XBU =20 shop

floor wotlkers. The 10 office workers in the sample should be a simple random
sample of the 100 office wotkers. The 20 shop floor wotkers chould be a
simple random sample of the 200 shop floor workers.

m Decide the categories e g age, gender, officefnon-office and set a quota for
each in proportion to their numbers in the population. Interview workers until

quotas are full.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3
Edexcel AS and A Level Modular Mathematics
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Exercise C, Question 7

Question:

A garden centre employs 150 workers. Sizty-five of the workers are women and 85

are men Ezxplain briefly how you would take a random sample of 30 workers using
stratified sampling.

Solution:

6930

List separately men and women. take a simple sample of =13 women and

17 men.
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Exercise C, Question 8

Question:

The 240 members of a bowling club are listed alphabetically in the club's membership

book. The committee wishes to select a sample of 30 members to fill in a

gquestionnaire about the facilities the club has to offer.

a Explain how the committes could use a table of random numbers to take a
systematic sample.

b  Give one advantage of this method over taking a simple random sample.

Solution:

a Label members 1 — 240 TTse random numbers to select first from 1-8. Select
every 8th member (e.g 6,14, 22, ..

b For example: more convenient, efficient, faster, simpler to carry out etc.
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Sampling
Exercise C, Question 9

Question:

a Ezplain briefly what vou understand by
1 apopulation,
n  asample.
b  Give one advantage and one disadvantage of taling a sample.

Solution:

a 1 The group of all the individuals or items of interest in the investigation.

o A4 zelection of individual members of the population.

b Advantage: reduction in the amount of data to be analyzed; disadvantage: loss of
reliability and accuracy (relative to whole population).
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Exercise C, Question 10

Question:

A college of 2000 students has students registered in four departments: arts, science,
education and crafts. The principal wishes to take a sample from the student
population to gain informmation about the likely student response to a rearrangement of
the college titnetable in order to hold lectures on Wednesday, previously reserved for
spotts.

What sampling method would wou adwise the principal to use? Give reazsons to justify
your choice.

Solution:

Stratified — gives all groups an equal chance to give their views.
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Exercise C, Question 11

Question:

Az part of her statistics project, Deepa decided to estimate the amount of time A -level
students at her school spent on private study each week. She took a random sample of
students from those studying arts subjects, science subjects and a mixture of arts and
science subijects. Each student kept a record of the time they spent on private study
during the third week of term.

a  Write down the name of the sampling method used by Deepa.

b Give a reason for using this method and give one advantage this method has ower

simple random sampling.

Solution:

a Stratified sampling

b Uses naturally cccurring (strata) groupings. The results are more likely to
represent the views of the population since the zample reflects its structure,

e.g wariance of estimator of population mean 15 usually reduced, either
individual strata estimates available,

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics &

Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Sampling
Exercise C, Question 12

Question:

There are 64 girls and 56 boys in a school

Explain briefly how you could take a random sample of 15 pupils using
a asmple random sample,
b  astratified sample.

Solution:

a  Allocate a number between 1 and 120 to each pupil.

Tze random number tables, computer or calculator to select 15 different numbers
between 1 and 120 {or equivalent).

Pupils corresponding to these numbers become the sample.

b Allocate numbers 1-64 to girls and 65-120 to boys. Idea of different sets for
koye and girls

=elect % x 15 = & different random numbers between 1-64 for girls

Select 7 different random numbers between 65-120 for boys.
Include the corresponding boyws and girls in the sample.
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Estimation, confidenceintervals and tests
Exercise A, Question 1

Question:

The random variable & ro Nz, &) represents the height of a variety of flower where

o are unknown population parameters.

A random sample of 5 flowers of this variety are measured and their height, in cm, is
given below.

By =351k =32.3,h, =345k, =374,k =328

Determine which of the following are statistics.

a E_l}fi—,m
i=1
5 =2
p oy i)
= 4
c ".T‘X"_’M
d XX
Solution:

a Dot astatistic since 4 not known

b Is astatistic — no unknown parameters
¢ Mot astatistic since & o not known

d Isastatistic — no unknown parameters
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Estimation, confidenceintervals and tests
Exercise A, Question 2

Question:

Arandom sample of & apples are weighed and their weights, x, g, are recorded
n=168,x, =185 x,=161,x, =172, x, =187, %, =176
Calculate the walues of the following statistics.

. Kt
2
B
b "T‘_;
=" ¢
-]
Fard
c ‘;1
K,
=
Solution:
L, E X 1764168,
2 2
b To 168+185§----+176:1049:1?4.83
el
| . — |
Z!T = 83138 (ox on acalculator|
= B313:f)
C
XD 183899
PoF 1049
= 175.308--
= 17531
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Estimation, confidence intervals and tests
Exercise A, Question 3

Question:

The lengths of nails produced by a certain machine are normally distributed with a
mean g and standard deviation . 4 random zample of 10 nails iz taken and their

lengths {X), X, A5, ... &) are measuwred.
1 Write down the distributions of the following:

1
1

b 2K +3%,

5

10

¢ 2(E5-u
1

d X

5 i1}
=1 LT,
e YX-IX

1 0
¢ B(5)

1
1 State which of the above are statistics.

Solution:

i a XX ~N(10g10a")

2X,+3X, NN[# 1302] 13 _22+3
25 &

5 '25

¢ E(X-p=0 Var|X-p=Val X =c
L (K= ) e 0, 1007

. f o
d Z=2"nN|pu—| (=10
2 10
5 10
e D X— 3K ~Ni5450" |- M54 50
i=1 i=f

" combined distribution ~ N (0, 107 |
[FEemember Var( X — i =Var{X)+Var(¥) ]

G o
R Il I L Z(=_‘”] s (0, 103
fap o

ii a, b, d, eare statistics since they do not contain g or o, the unknewn population
parameters.
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Estimation, confidence intervals and tests
Exercise A, Question 4

Question:

4 large bag of coins contains 1p, 5p and 10p coins in the ratio 2:2:1.
a Find the mean g and the variance & for the value of coins in this population.
A randem sample of two coins 15 taken and their values X and X, are recorded.
b List all possible samples.

; : T . .t
¢ Find the sampling diztribution for the mean 5 = %

d Hence show that E(X) = & and Var(X) =§f2

Solution:

a X =value of a coin

x 1 5 10
DI =x) N 2 1
5 5 5
o SHE: g 120
L H=E(X) = —4+—4+—=—0or44d
HSE) 5555 5
2 2 1 152
E(XY) = Px=+25%x=+100x—=—
5 5 5.5
152 a2 276
Lat = B - =—-"——=11040r —
5 &5 o]
b (1,1} T B O v
[5E5)  {5ELopd
(10,10
.
% 1 3 5 5.5 Ei 10
P(E=7m 4 e 4 4 E i
25 25 25 05 25 25
eg P(X=55 = P(X,=(nk,=100+P(X, =10r X, =1)
1 I 4
= ol il
5T STE T RE

= 4 8 1
d E()=1x—+3x—+--+10x—=44=
s 25 25 25 A

Var(X) = 1° NI TV IR IS 5.52=£
25 o5 25 2
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Estimation, confidenceintervals and tests
Exercise B, Question 1

Question:

Find unbiazed estimates of the mean and variance of the populations from which the
following random samples have been taken:

a 213 196,185,223, 174, 163,189, 176, 187, 16,5, 12,3, 21.8, 20,1, 22.0

b 1,251, 64, 1,3 2,8, 56 2,4, 3.1

c 1204, 230.6; 356.1; 1228, 182.6; 147.6, 258.3, 3207, 249.3

d 0862, 0754, 0.45%, 0,473, 0493, 0.681; 0743, 0,469, 0,538, 0.361.

Solution:

M
TInbiased estimate of mean =1 ==——
b
_ _ . ; St —aT
TInbiased estimate of variance = 5° ==

n—1

a Y.x=27033x =527049, n =14

©x=193,5% =398
b > x=54,3x=252,n=16

G R=3315:8" =465
e >.x=20074,> x" =505132.36, n =9

X =203 8 =7174

d X x=58332 %" =3.644555, 2 =10

L ¥=0.5833, 5% =0.0269
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Estimation, confidenceintervals and tests
Exercise B, Question 2

Question:

Find unhiased estimates of the mean and the variance of the populations from which
random samples with the following summaries have been taken.

a x=120 Tx=4368  Tx° =162 466
b n=30 Tx = 270 Txt = 2546
¢ »#=1037 Tx=11407 Tx*=1278.08
d »=15 Tx=168 Tx? =1913
Solution:
'
g gl 300y
n 120
5 — nx . 2
L, DR _ 162466-120x36.4 _ B
n—1 118
=29.2(3sf)
'
P petl ot
# 20
2 —2
@ >ox - ux =2546—30><92=4
n—1 29
. __2_1140.?_
7 1037
Nx? - uwe e 2
@ - _1278.08-1037 x 1.1 00035
- 1036
Sx
» 15
=12 el . b
G _ LE R _1913-15x11.2 5 oa085
n—1 14
=224 (3sf)
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Exercise B, Question 3

Question:

The concentrations, in mg per litre, of a trace element in 7 randomly chosen samples
of water from a spring were:

24008 2373 2367 2366 2342 23305 2325

Determine unbiased estimates of the mean and the wariance of the concentration of
the trace element per litte of water from the spring,

Solution:

Sk o= 1652, %1 =38991748,2=7

ot 2 AR
7
. 38991748 -7 = 236"
3
= 7.58
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Estimation, confidenceintervals and tests
Exercise B, Question 4

Question:

Cattons of crange are filled by a machine. & sample of 10 cartons selected at random
from the production contained the following quantities of orange (in ml).

2012 2050 2091 2023 2046

2064 21001 201.% 2037 2073

Calculate unbiased estimates of the mean and variance of the population from which
this sample was taken

Solution:

Sk = 20516, 34 =420989.26, =10

¥ = 205.16=205(3:f)

420989 26— 10 =72

G
= Q222466 =922(3:f)

s =
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Exercise B, Question 5

Question:

A manufacturer of self-assembly furniture required bolts of two lengths, 5 cm and
10 ¢, inthe ratio 2 : 1 respectively.

a Find the mean & and the variance & for the lengths of bolts in this population.

A random sample of three bolts iz selected from a large box containing bolts in the
required ratio.
b List all possible samples.

¢ Find the sampling distribution for the mean X
d Hence find E(X) and Var(X).

e Find the sampling distribution for the mode A
f Hence find E(MY and Var(d).

Find the biaz when M iz used az an estimator of the population mode.

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Page2 of 2

K =length of abolt

x 5 10
pe 1
P(X= = :
(A =x) A :
a ;1=5><E+10><1=E
2 F
2
o = 25x3+100x1_(@] _0
3 3 N3 9
b {5:5.5)
{5.5,101%  {5,10,1073
(10,10, 10}
E 20 | 25
x 5 — | = | 1w
A 2
- 2 12 6 1
BRRSRE | o= | o || 5 || o
s g 20 12 1 20
1 E(D)=5x—+—x—+-+10x=="=
SRS e T
> 1 (200 50 o
Var e Sl o] __[_] i G
22 97 N8 27 3
& i 5 10
P(M =) E l PiM =10 15 cases {5,10,10% and {10,10, 10}
o7 | 27
f E(M}=5><E+m><l=@=5.296_“
27 27 27
2
TUFEII:M:I=25XE+]UUX1— e :_3500:4_30__
27 o7 Li3] 729

g Bias=E(M)-5=1.296...=1.30(3s.£)
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Estimation, confidenceintervals and tests
Exercise B, Question 6

Question:

A biased siz-sided die has probability p of landing on a six.

Every day, for a period of 25 days, the die is rolled 10 times and the number of sizes
Az recorded giving rise to a sample &5, 4.

a  Write down E(X ) in terms of p.

b Show that the sample mean X is a biased estimator of » and find the bias.
¢ suggest a suitable unbiazed estitnator of p.

Solution:

X e B10, p)

a El&i=mp=10p

b E,:X1+...+X25
25
= ECX+ECX )+ +E(X,) utu+. . +u 254
E(X) 1 2 B = =

25 250 25

. X 1s an unbiased estimator of 4

But E(X)=10p . X iz abigsed estimator of p.
so bias=10p —p="9p
XYl me
E{ —|=—E(&)=
[10] TR

A : i
T 1z an unkiased estimator of p.
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Estimation, confidenceintervals and tests
Exercise B, Question 7

Question:

The random variable X ~ U[—a, @]

a Find E(X) and E(X™).

A random sample X, X, X, is taken and the statistic V=X +X7+X] is
calculated.

b Show that ¥is an unbiased estimator of & .

Solution:
A e U—a a]
a E(X)= ‘“2* %o
S 2
Var(X) = = o)y glos 1@ g and o for Ula, b] are given in
e ]2;; i formula booklet under 32
SR = 1‘Ja;r(}f)+[E(}f]|]
HE )= ﬁm _a
3 2

b F=Xi+Xit+X?
E(Y)=E|XEI+E|X§|+E|X§I

=£><3=a2
3

© ¥is an unbiased estimator of & .
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Estimation, confidenceintervals and tests
Exercise C, Question 1

Question:

John and Mary each independently took a randem sample of sixth-formers in their
college and asked them how much money, in pounds, they earned last week John
used his sample of size 20 to obtain unbiased estimates of the mean and variance of
the amount earned by a sizh-fortmer at their college last weel He obtained values of

¥=155 and &2 =80

Mary's sample of size 30 can be summarised as Ty =486 and Ty* =8222.

a  Tse Mary's sample to find unbiased estimates of i and o°.

b Combine the samples and use all 50 ohservations to obtain further unbiaszed
estimates of g and o .

¢ Find the standard error of the mean for each of these estimates of 4

d Comment on which estimate of & you would prefer to use.

Solution:
436
a y=—=142
a ¥ U
_ a
Sj e Seetm A0l oe =120275._ . =1203s 1)

29

b Let > w=2x+2y

T=155=>x=155%x20=310

L w =796
S1=80=3%" =8x19+20x15.5 =4957
L 2wt =13179
s N PB
LWw=p=1552
" 1
Sf,=]3179 50x15.92" L ou 1034

44
Y
¢ Standard error of the mean 1z T
b
5

g
L = (.632(35£), 2 = 0.633 (35.£),

75 N 0

d  Prefer to use W since it iz based on a larger sample size and has smallest standard
BITOL.

=0.455(35f)
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Estimation, confidenceintervals and tests
Exercise C, Question 2

Question:

A machine operator checks a random sample of 20 bottles from a production line in
order to estimate the mean volume of bottles {in cm®) from this production run. The
20 values can be summarised as Tx=1300 and Ix* =84 685

a  Tse this sample to find unbiased estimates of x and o

A supervisor knows from experience that the standard deviation of wolumes on this
process, o, should be 3cm® and he wishes to have an estimate of Lé that has a
standard error of less than 0.5cm”.

b What size sample will he need to achiewe this?
The supervisor takes a further sample of size 16 and finds Zx=1060
¢ Combine the two samples to obtain a revised estimate of i

Solution:
84 685 — 20 % 65°
52 a
a f=—13g0=65 d 19
= 97368---=9.74 (3:=£)
b 2 cgsesi wgs

Nn Jn
6 <
n> 36

» need a sample of 37 or more

¢ Let y=combined sample

Sy = 130041060
Sy = 2360 n=36
LF = %:65.555_.. or 65.6 (3 5.£)
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Estimation, confidenceintervals and tests
Exercise C, Question 3

Question:

The heights of certain seedlings after growing for 10 weeks 1n a greenhouse have a
standard dewiation of 2.6 cm Find the smallest sample that tmust be taken for the
standard error of the mean to be less than 0.5 cm.

Solution:

g <05

N

T=26= fn=26x2=52
e an=2704

soneed a sample of 28 {or more)
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Estimation, confidenceintervals and tests
Exercise C, Question 4

Question:

The hardness of a plastic compound was determined by measuring the indentation
produced by a heavy pointed device

The following observations in tenths of a millimetre were obtained:
47,52,54,48,45,458,45,51,50, 48

a Estimate the mean indentation for this compound.

b Estimnate the standard error of the mean.

¢ Estimate the size of sample required in order that in future the standard error of
the mean should be just less than 0,03,

Solution:

Let x=1indentation

S x=489, Sx'=23989,%=10
a ,.':}=E=418—9 4.89

b st gl 239.89-10 x4 85

=0.08544...
9

— = 0092434 =00924 (3:£)

Ja

¢ Eequire — L ok =005
N
= fr > 5346,
n=34.17

© need x# =735 (or more)
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Estimation, confidenceintervals and tests
Exercise C, Question 5

Question:

Prospective army recrutts receive a medical test. The probability of each recruit
passing the test iz p, independent of any other recruit. The medicals are carried out
over two days and on the first day » recruits are seen and on the next day 2» are seen.
Let & be the number of recruits whe pass the test on the first day and let X, be the

number passing on the second day.

a Write down E(X) ECE )L Var( X)) and Var(X,).

X A ; : w
b Show that =2 and =2 are both unbiased estimates of p and state, giving a

b an
reason, which vou would prefer to use.
T Y. : :
¢ Show that § = 0 —+2— 15 an unbiased estimator ofp.
" #

d  Show that ¥ = [#} 15 an unbiased estimator of p.
b

: P (. : :
e Which of the statistics =L, 2—2 A or iz the best estimator of p¥
b b

PG

The statistic T = ( ] iz proposed as an estimator of p.

3n
f Find the bias.

Solution:
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A =Blup) Xy ~Blonp)
a E(X)=up E(X,) =2np, Var(X)) =np(l- p), Var(X,) = 2up(1- p)

b E[a]zwﬁ

Ay : _
=p . “Lisunbiased estimator of p

# e a e
X E(X 2 X
E[—g] = G =£=p . 2 iz unbiased estimator of p
2x 2x 21 2n
Drefer ? since based on a larger sample (and therefore will have smaller
b
variatnce)
15 A 1| E(X)) E(X
C X:_[_1+_2]:> E(Xj]:— ﬁ_kﬁ
2hm 2w 2 F:
1
_, iy, 2
2 » 2n
2

o A 15 an unbiased estimator of p

4 ¥-= [M} py < BENHE) 42
[ 3x
© F1z an unbiased estimator of

X 1 1— 1—
[ Efar[_ljz_g var(leznp(gpjzp( p)
M H M »
var[é]:% var(Xg)=2np(];p} =P(1—p)
2n) dn dn S
R.Tar.;{.=l Var [£J+‘Jar (ﬁ] =1[P(1—P:'+P(1—p)}=3p(1—p)
4 H 2?3 4 bl 2;,\3 8?3
Var(¥)=— [ Var (X,)+Var (X,)]=— 1 2np(1
arl |_@[ ar |y |+ var | 2']_@['&?( —p)+ ?ﬂpl: —p)]
G 3m

Lo War (1) is smallest so ¥is the best estimator,

£ T:[M]

E
E(T) = ZE(A D +ELAD g Znp + Zup =4_p
Y 3n ]
kias = E{T)—p
=&
3

© Pearson Education Ltd 2C
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Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests

Exercise C, Question 6

Question:

Twe independent randem samples X, 4,.. . &, and F.1,,. . F, are taken fom a

population with mean & and variance ¢ . The unbiased estimators X and ¥ of u

are calculated. A new unbiazed estimator Tof 4 is sought of the form T=#% + 57

a

b

ntm

d Find the best {in the sense of minimum wartance) estimator of i of the form

rE +sF
Solution:

- T
s Mar(X)s w
EFi=u ‘Jar(}?]l=i

w2

a

d

Show that, since T1s unbiased, r+s=1.
By writing T=r% +(1-#F , show that

]

2
varm:aﬂ[’_+'1_’"' }
M FH

Show that the minimum variance of Tiz when r =

T=r¥+s¥
ET=rutsu=r+s)u
Soif Tiz unbiased r+5=1

rte=1=sg=1-r
LT =X+ (1-70F

Var(T) = r*Var(X)+(1-r¥ Var () =r2i+(l—r)2i
# s
_g[7 0o
# i
d _ 2r 2(1-r1x(=1) L War (7) 15 a gquadratic function of
a?ar{?) B JQ[I—F B rwith positive »° term . mi
d

—Var(M = 0=m={1-rln o rim+xi=norr=
dr w4 n

Eest estimator of form T is

_}?4— He F ot M

mtr mtn mtn

M

T =

© Pearson Education Ltd 2C
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Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise C, Question 7

Question:

A large bag of counters has 40% with the number 0 on, 40% with the number 2 on
and 20% with the number 1.

a Find the mean 4, and the variance &, for this population of counters.

A random sample of size 2 iz taken from the bag
b List all possible samples.

¢ Find the sampling distribution for the mean X
d Find E(X) and Var(X).

e Find the sampling distribution for the median A7
f Hence find ECAV) and Var(h).

g Show that &7 15 an unbiased estimator of ar

h Ezplain which estimator, X or &, vou would choose as an estimateor of i

Solution:

PhysicsAndMathsTutor.com
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Let X =number on a counter.

i 0 1 2
P(X =x) 0.4 0.2 0.4
a  w=1(hky symmetry)
o =D+1x02+22x04—12080r%
b {0,007 {0,0,1y% {0, 0,21
Gl la el 09 o0l 0 20+
(200 23 s{2.0. 01 gouoeiis  (ha] oaint
C
X O R A N B R
3 3 3 3
B=m | . || BN 2] B LB ] 8
125 125 | 125 | 125 | 125 | 125 | 125
d E(X)=1 (bysymmetry) (= 1)
Var(¥) = g+lx£+ixﬂ+ i_ﬁ
9 125 9 125 25
=B Rl
15 L BJ
e
a 0 1 2 eg P(WN=2) i1z cases
P(M=m) | 44 | 37 | 44 (2,2 2 200 )
125 | 125 | 125
f Ei{AMi=1 (bysymmetry)
37 44 88
v = OFRwg et BT g
ar() 125 125 125 )

UL

h o Var( X)) = Var(W) choose X

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Statistics &

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 1

Question:

A sample of size 6 iz taken from a normal distribution (10,2} "What iz the
probability that the sample mean exceeds 127

Solution:

X e N10, 2%
Emmm%)

P(X =12) :szgjq

\{;I

= P{Z =2449 )
/ "-><w:u
— - ‘m Tse 2.44
= 1-0.9927
= 0.0073 {tables)
or = 000715 {(from calculator)

o accept awrt 0.007

© Pearson Education Ltd 2C
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Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 2

Question:

& machine fills cartons in such a way that the amount of drink in each carton iz
distributed normally with a mean of 40 cm® and a standard deviation of 1.5 cm®.

a A zample of four cartons is examined Find the probability that the mean amount
of drink is more than 40.5 cm’

b A zample of 49 cartons i examined Find the probability that the mean amount of
drink is more than 40.5 cm® on this occasion,

Solution:

D N0, 1,55

_ 2
Dira N(4U,%}

a

/71N 07486 — 3 40.5-40
/,\m P(D=405 = P[Z & T]
1 U 7
0.67 = P(Z>3 Use 0.67
= 1-0.7486
= 0.2514 (tables)
or = 025249 {calculator)
S0 accept awrt 0251 or 0,252
2
b E’NN(40,£)
49
/ .}{;_.mm DT >405) = P[Z>4D'?;4U]
___...--'/- ',-‘"-' B, T
333 = P(Z=233.) Tse 2.34
= 1-0.9504
= 0.00%4 {tables)

or = 0009815, .
S0 accept awrt 00028 ~o 00096

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 3

Question:

The lengths of bolts produced by a machine have an unknown distribution with mean
3.03 cm and standard deviation 0.20 cm. A sample of 100 bolts 15 taken.
a Estimate the probability that the mean length of this sample 15 less than 3 cm.

b  “What size sample is required if the probability that the mean 15 less than 3 cm 15 to
ke less than 1947

Solution:

L~ N(3.03,0.20%)

0.20°
)
0

L e=ro B(2.03,

a

/,_.—-....>{:|p_'¢_1_13 PE<3) = P[Z{B—z.ozj
G T P 0.02
NN z = B(Z<=-15)
-1 = 1-09332
= 0.06638 (tables)
or = 0.066807.. (calculator)

2o accept awrt 00665

2-303
0.2

N

= —2.3263

b B(Z<3=P|Z< =001

3—3.03

~To2

£

0.03 0.2
2.3263 N
o= 1550,

»oo= 24051
Ln=241 (or more)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Estimation, confidence intervals and tests
Exercise D, Question 4

Question:

Forty observations are taken from a population with distribution given by the
probability density function

Ex, 0= x=3,
fixi=99

0, otherwize.

a Find the mean and variance of this population
b Find an estimate of the probabality that the mean of the 40 cbservations 15 more

than 2.10.
Solution:

Fix) &

3

a =2 (Centroad of &) or fromj. xxgxdx
0

3
a = fgxzdx—f

Il
1
o | o

B
=,
L
= [ )

|

I

= E—0—4= 0.5
2
40
S| X8 pEs210)=D| 2> e
/ J'}JJ \:';-:T',".":-. S
|| 40
0.59 =P(Z = 0.8%44 )
=1-08133 Tze 0,89
=101267 {tables)
or = 0.18535466... (calculator)

so accept awrt 0,186 ~ 0,187

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 5

Question:

A fair die 12 rolled 35 times.
a Find the approximate probability that the mean of the 35 scores 15 more than 4.
b Find the approximate probability that the total of the 35 scores 13 less than 100

Solution:

S=score on die See 31

E()=35 Var(d) =%

35
a
B3
7| N 09582 = = 4=35 | g B
P \ st Rl ki 35 12
e &7 "“‘//_*; ﬁ
1.73 = P(Z>1732..) Use 173
= 1-0.5582
= 00418 (tables)
or = 0041632, (calculator)
so accept awrt 0.042
b T =total score, T =358
P(T=100) = P(Ea@]
35
0y
. = PlZ=
P B 10T 1
// /.-;\ e
I@,f” ’_f'" i - 12
B = D(Z<-22269._) Tse —2.22
= 1-05868
= (00132 {tables)

or = 001297618,
so accept avert 0013

© Pearson Education Ltd 2C
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Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 6

Question:

The 25 children in a class each roll a fair die 30 times and record the number of sixes

they obtain. Find an estimate of the probability that the mean number of sixes
recorded for the class 1s less than 4.5

Solution:

Let & =number of sizes in 30 rolls of a die

S~B(30,7)

25
H=a B =€ TTzing formula in 32, mean = ap

[§] variance = apil— p)
S es N S,L

25

| TS U 0.8888 _ o
X P(S <4.5) P[Zﬁfﬁﬁ}
== 3

= P2 =-12247.) Tee —1.22.

= 1-0.8888
= 01112 (tables)
or = 0110335 (calculator)

©oaccept awrt 0.11

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 7

Question:

The error in mm made in measuring the length of a table has a uniform distribution
over the range [—3,5]. The table 13 measured 20 times. Find an estimate of the

probability that the mean error 1s less than —1mm

Solution:
E=error
E ~s U[-5,5]
2
(=0 f:ﬂ:@:% see formula in 22,
12 12 3
ey
E"_"‘MN O,i
20
1-0 3]
P(E<-1) = P|Z<—— |since —=—
/71 TN 09304 s 200 12
i f-“"/\~ __ 12
o] | = P(Z<-15481.)  Tee -1.55
~1.55
= 1-0535%4 (tables)
= 0.0606 {calculator)

or = 0060667 .
o accept awrt 0.061

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 8

Question:

Telephone calls arrive at an exchange at an average, rate of two per minute. Ower a
period of 20 days a telephonist records the number of calls that arrive in the five-
minute pertod before her break

a Find an approximation for the probability that the total number of calls recorded
1z mote than 3350,

b Estimnate the probability that the mean number of callz in the five-minute interval
12 lezz than 9.0,

Solution:

T =number of calls that arrive in S-minute period

& ra Po(10)
w =230
s 10
e ea 10, =
T = total number of calls in 30 days

T =30C
a
CHT>350) = P(C>22)
o9l - A0
.,‘_._./ "\
AN\ B 1o
- N = plEm3
- ) 1
2,90 3
= P(Z=28667.) Tze 2.90
= 1-0.9%231
= 00019 (tables)
or = 0.001%46 {calculator)
o accept awrt 0.001%
b
S vese B@=9 = plz<0
4 L
/ . =
P 3
B | = P(Z<-1732.) Use =173
-1.73
= 1-05582
= 00418 (tables)
or = 0041632 (calculator)

S0 accept awrt 0042

© Pearson Education Ltd 2C
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Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests

Exercise D, Question 9

Question:

How many times must a fair die be rolled in order for there to be a less than 1%
chance that the mean of all the scores differs from 2.5 by more than 0.17

Solution:

S =szcoreon a die

35

=55 A

F 12
E’“_"NN(E_j,E]

12

B(|8-325|>0.1) <001

=P[|Z|> vl ] 20.01
f£
12n

UL o 25758

—

35

( 0
2 5758

. need » at least 1936

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise D, Question 10

Question:

The heights of women in a certain area have a mean of 173 cm and a standard
deviation of 2.5 cm. The heights of men in the same area have a mean of 177 cm and
a standard deviation of 2.0 cm. Samples of 40 women and 50 men are taken and their
heightz are recorded Find the probability that the mean height of the men iz more
than 3 cm greater than the mean height of the women

Solution:

W =height of a woman
W~ MN(175,2.5%)
M = height of a man
Moo~ N(1772%)

Ziiad P
o N[m,—] MmN[lT?,—]
40 50

=

P(M - = 3) requires X=M-W

2 TR S
X e N[E,—+—J—+—:U_23625
50 40 /50 40
"'_“>(-H.UHH.’- Pk = P(Zb 3-2 J
) / A \\.?? i 023623
B = P(Z>20573-)  TUse2.06
= 1-0.9803
= 0.0197 (tables)
or = (00198248 (ralculator)

So accept awrt 00157 ~2 0198

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise D, Question 11

Question:

A computer, in adding numbers, rounds each number off to the nearest integer. All

the rounding errors are independent and come from a uniferm distribution over the

range [-0.5,0.5].

a Given that 1000 numbers are added, find the probability that the total error is
greater than +10

b Find how many numbers can be added together so that the probability that the
magnitude of the total error 15 less than 10 13 at least 0.95.

Solution:
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E=rounding error

B~ T[-0.5,0.5]

1

L ]

e 12
2=1000 E e~ N U,;
12 000

T = total error = 1000F

P(T>10) = P[E:» 10]

0.8643 1000
8643+ !
/}‘\\\H \ = oz D.Ull 0]
- R 12000
= P{Z=10%544 ) TTze 1.10
= 1-0.8643
= 0.1357 itables)
or = 0136660 {calculator)

S0 accept awtt 0136 ~ 0137

b =M T= NE where Ef o N[U, L]
124

PI|T’|¢IUI=P[|E|¢EJEU_95
N

10
N

6l
12V

2196 =10/12 =196

=P||Z|= =095

10
=

12N

ﬁilﬂw’ﬁ

1.96
NI 217673
N <3123
soneed 312

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise D, Question 12

Question:

An electrical company repairs wery large numbers of telewvision sets and wishes to
estitnate the mean time taken to repair a particular fault It 18 known from previous
research that the standard dewviation of the time talcen to repair thiz particular fault is
2.5 minutes.

The manager wishes to ensure that the probability that the estimate differs from the
true mean by less than 30 zeconds 15 0,95

Find how large a sample is required.

Solution:

T = time to repair fault

Trra N{g2,2.5%)
- 25
Toteo Mg, —)
M
P(T-z|<0.5 =095 .
0.5 /1N
=P||Z|<——=|=0395 P N, 0025
[2-5] =1 | Y
N 1.96

2.5
z

1.96%2.5
V= 0.5

n o= 9.8 =9604
Soneed 97 (accept 96)

1.96

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 1

Question:

A random sample of size 9 1z taken from a normal distribution with variance 36 The
sample mean 1z 128,
a Find a 95% confidence interval for the mean £ of the distribution

b Find a 99% confidence interval for the mean g of the distribution

Solution:

s R S g

a 95% CIL for 4 is 128i1_96><%=(124.08,131.92...)
=(124,132) (3s.£)

b 99% CI for uis 12812.5?58><i=(122.84...,133.15...}

¥9

={123,133) (3.1

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 2

Question:

A random sample of size 25 1z taken from a normal distribution with standard
deviation 4. The sample mean 15 85,

a Find a 20% confidence interval for the mean £ of the distribution
b Find a 95% confidence interval for the mean i of the distribution

Solution:

=25 ag=4 T=85

a 90% CL for i is 85+1.6449 x —_ = (83.684._86.315..)

25

=(83.7,86.3)

b 95% C.L for 4 is 851,96 % —0_ = (93 432, 86.56%)

25

=(83.4,86.6)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 3

Question:

A normal distribution has mean & and wvariance 441 A random sample has the

following values:
231,218, 246,225
TTze this sample to find 98% confidence limits for the mean 4.

Solution:

n=d T =441, 5=23

441
983 CT for wis 23+ 23263 ‘fT

= (20.557, 25.443)
={20.6,254) (31

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 4

Question:

A normal distribution has standard deviation 15, Estimate the sample size required if
the following confidence intervals for the mean should have width of less than 2.

a 90%
b 95%
e 99%
Solution:
a=15
Clis FHzx—m
N>
Wil =
N
a  90% = z=1460449 _._waz
M

== 2467 L n>60875.

So x=60%
b 95%:}>z=1.96_1m{2

[

= fn > 1.96x15" 2 > 864.36...

Do m=a65
¢ 99% =>z=25758 '.'@{2

L
=fn > 2575815 - n>1492817...

so xp=1493

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 5

Question:

Eepeat Question 4 for a normal distribution with standard deviation 2 4 and a desired
width of less than 0.3,

Solution:
a=24
TR L
Jn
bl = @ :62

a z=16449 - »n>97405... Son=09%
b z=196 - x>13229... Son=139

¢ z=25758 . w>=23B85. Soan=230

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 6

Question:

An ezperienced poultry farmer knows that the mean weight g kg for a large
population of chickens will vary from season to season but the standard deviation of
the weights should remain at 0.70kg A random sample of 100 chickens 15 taken from
the population and the weight x kg of each chicken in the sample is recorded, giving
Ex=1902 . Find a 95% confidence interval for i

Solution:

a= U_?D,n=100,f=w=l_902
100
. o
9500 C L for fris x£1.96x%
100

1.902i].96><E
10

(17648, 2.0392)
(1.76,2.04) (3sf)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests

Exercise E, Question 7

Question:

A raillway watchdog iz studying the number of seconds that express trains are late in
arriving. Previcus surveys have shown that the standard dewiation 13 50, A random
sample of 200 trains was selected and gave rise to a mean of 310 seconds late. Find a
0% confidence interval for the mean number of seconds that express trains are late,

Solution:

=50 x=200 T=310
fag

{200

50
= (310i1_6449 x—]

4200

= (304.184...,315.815..)
= (304,316) (3sf)

300 CL 1z ¥X1.6449 %

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests

Exercise E, Question 8

Question:

An investigation was carried out into the total distance travelled by lorries in current
use. The standard deviation can be assumed to be 15 000 km. A random sample of B0
lorries were stopped and their mean distance travelled was found to be ¥ 872 km.
Find a 90% confidence interval for the mean distance travelled by lorries in current

UEE.

Solution:

o=15000 »=80 T=75872
Ty VAR LIk L [ W

80

=75 87"2i1_6-449><M

N

= (7311341, 7863058,

= (72113, 78 631) (nearest integer)
or (73100, 78 6000 (3 5. £

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 9

Question:

It 15 known that each wear the standard dewiation of the marks in a certain
examination 15 13.5 but the mean mark g will fluctuate. An examiner wishes to

estimate the mean mark of all the candidates on the examination but he only has the

matls of a sample of 250 candidates which give a sample mean of 654,

a What assumption about these candidates must the examiner make in order to use
this sample mean to calculate a confidence interval for 7

b Assuming that the abowve assumption is justified, calculate a 95% confidence
interval for g

Later the examiner discovers that the actual value of g was 653
¢ "What conclusions might the examiner draw about hiz sample?

Solution:

a=135 »x=250 T=684

a  Must azsume that these students form a random sample or that they are
representative of the population.

b 35% CIis 6844196 XE

w250

= (66726 70073 )
(66.7.70.1) (35.£)

¢ If 4=6575 that 1z cutside the C1 so the examiner’s sample was not

representative. The examiner marked mote better than average candidates,

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 10

Question:

The number of howrs for which an electronic device can retain information has a
uniform distribution over the range [£—10, £4+10] but the value of £ 15 not known.
a Show that the wvariance of the number of hours the dewice can retain the

information for 1s g :

A random sample of 120 devices were tested and the mean number of hours they
were retained information for was 787

b Find a 95% confidence interval for g

Solution:

H o Ul =10, £ +10]

2 .
a E(Hi=u Wfar(Hjl:%:%:g Tse formula in 52,

b 2=120 & =727
100

- 3
9504 C.1 is h+1.96x%
J120

{ 100
L?B.? +1.96 % ’ﬁ}

(77666, 79.733.)
(777,797 (3s£)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 11

Question:

A statistics student calculated a 25% and a 9%% confidence interval for the mean &

of a certain population but failed to label them The two intervals were (227, 27.3)
and (232, 26,87

a State, with a reason, which interval 15 the 25% one.

b Estimate the standard error of the mean in this case,

¢ What was the student's unbiased estimate of the mean g inthiz case?

Solution:

a (232, 26 8) 12 95% C.L since it 15 the narrower interval

b X=.(232+268)=25

B L

N

=09183...=05918 (3:zf)

o ﬂ":‘
Il

T =25 {mid-point of the intervals)

© Pearson Education Ltd 2C
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Estimation, confidenceintervals and tests
Exercise E, Question 12

Question:

A 95% confidence interval for a mean g o1z 8531235 Find the following
confidence intervals for z.

a 50%

b 98%

c 999

Solution:

T+196-2 =853+235

Jr
O g 20, S s
S 196
a 90% CL is 85.3i1.6449><%

= (83327 .,87272.0)
= (833,873 (3:f)

b 58% CIis 8531 2.3263><%

= (82.210.., 88083
(82.5,88.1) (3:af)

¢ 89 CL iz B53f Z.STSBX%

= (82.211...,88.38E..)
(822, 804) (3sf)
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Exercise E, Question 13

Question:

The managing director of a certain firm has commissioned a survey to estimate the
mean expenditure of customers on electrical appliances. A random sample of 100
people were questioned and the research team presented the managing director with a
25% confidence interval of (£128.14, £141 86). The director says that this interval is
too wide and wants a confidence interval of total width £10.

a Tsing the same walue of T, find the confidence limits in this case.

b Find the level of confidence for the interval in part a.

The managing director is still not happy and now wishes to know how large a sample
would be required to obtain a 99% confidence interval of total width ne more than

£10.

¢ Find the smallest size of sample that will satisfy this request

Solution:

a ¥ =%(128_14+141_85)=2;_0=135

o C.L will be (130, 140)

& [
b zx—==3 but 196——==686
N N

& = =14285._.
ik (6 86] Tse 1,43

A

C 0T s 2%(0.9236-0.5)

= (8477 (tables)
- or = 0.846872.. (ralculator)
© T 15 85%

a
¢ Mowweknow 1,96 —=1061586
Af100

_ 686x10_ ..
1.96

and require z><£=5 where z =196

N

1.96;35 _ &

= »r = 18823 ..
o HMeed # =182 or more
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Exercise E, Question 14

Question:

A plant produces steel sheets whose weights are known to be normally distributed
with a standard dewiation of 24 kg A random sample of 36 sheets had a mean weight
of 314 kg Find 99% confidence limits for the population mean.

Solution:

WM, 24% n=36 w=314

999 C I 1z 31.4i2.5?58><£

36

(30,369, 32430 )
(30.4,32.4) (3sf)
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Estimation, confidenceintervals and tests
Exercise E, Question 15

Question:

A machine 1z regulated to dispense liqud inte cartons in such a way that the amount
of liquid dispensed on each occasion 13 normally distributed with a standard dewviation
of 20 ml. Find 99% confidence limits for the mean amount of ligquid dispensed if a
randotn sample of 40 cartons had an average content of 266 ml.

Solution:

a=20,2=40, % = 266

99% C 1 1z 266i2.5758><£

a0

(257.854...,274.145..)
(258,274) (3s.£)
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Exercise E, Question 16

Question:

a The error made when a certain instrument 15 used to measure the body length of a
butterfly of a particular species 15 known to be normally distributed with mean 0
and standard dewiation 1 mm. Calculate, to 3 decimal places, the probability that
the error made when the instrument iz ueed once is numerically less than 0. dmm.

b Given that the body length of a butterfly 1z measured 9 times with the instrument,
caleulate, to 3 decimal places, the probability that the mean of the 9 readings will
ke within 0.5 min of the true length

¢ iven that the mean of the 9 readings was 2253 mm, determine a 98%
confidence interval for the true body length of the butterfly

Solution:
E a0, 1%

a PE|<04)=(0.6554-0.5)%2
= 0,3108

b E ~ N(0, )
0.5
T)
5
= (0.9332-0.5) %2
= 0 8664

P(E|<05=P(Z|=

c BE%CL s 22.53% 2.3263><L
N

=(21.754..., 23305, )
=({21.8.233) (3sf)
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Exercise F, Question 1

Question:

A random sample of size # 15 taken from a population having a normal distribution
with mean g and variance o°. Test the hypotheses at the stated lewels of
significance.

Hu=21H u4=21,2=20, =212, og=15, at the 5% level

Solution:
Hy: =21 H;:u=21 SMocw 1z z=41.96
=z= (21'12;21) =0.5%...<1.96 Mot significant
20
Aceept Hy
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Estimation, confidenceintervals and tests
Exercise F, Question 2

Question:

A random sample of size » is taken from a population having a normal distribution

with mean 4 and variance o°. Test the hypotheses at the stated levels of
significance.

H,u4=100H,: g =100, =36 ¥ =985, =50, at the 5% level

Solution:
Hy:4=100 H;: <100 5% cv iz z =-1.6449
=z= (98'5;100) =-18<-1.644% Significant
36
Eeject H,
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Estimation, confidenceintervals and tests
Exercise F, Question 3

Question:

A random sample of size # 15 taken from a population having a normal distribution
with mean g and variance o°. Test the hypotheses at the stated lewels of
significance.

Hyu=5H g=5xn=25x=61 a=30, atthe 3% level

Solution:
Hy:u=5 H:u=5 SMcw 1z z=41.96
=z= (6'13_ 5) =183...<19 Mot significant
V25
Accept Hy
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Exercise F, Question 4

Question:

& random sample of size » is taken from a population having a normal distribution

with mean g and variance . Test the hypotheses at the stated lewels of
significance.

Hyu=15H: u=1512=40,7 =165, =335, atthe 1% level

Solution:
Hy:u=15 H u=15 1% cw 15 2= 23263
=z= (]62215] =2710_. = 23263 Significant
N
Eeject H,
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Estimation, confidenceintervals and tests
Exercise F, Question 5

Question:

A random sample of size # 15 taken from a population having a normal distribution
with mean g and variance o°. Test the hypotheses at the stated lewels of
significance.

Hu=50H:u=50n=607=455% ag=4.0, atthe 1% level

Solution:
Hy: =50 H, =30 1% cv. 1z z =22.5758
=z= (48'94_ 50) =-2130__. =-25758 Mot significant
6o
Accept Hy
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Exercise F, Question 6

Question:

A sample of size # is taken from a population having a {4, o) distribution. Find

the critical regions for the test statistic ¥ in the following test.

H,:pw=120H,: g =120, =30, ag=2.10, atthe 3% level

Solution:

Hy:w=120 H:u=120 cwv. 1z Z2=-1.6449

7 X -120)
2
=)
Eeject Hyfor £ = -1.6445%
= f=:120—1_6-4-49><i
30

te. X <11939.  or 119 (3sf)
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Exercise F, Question 7

Question:

A sample of size » is taken from a population having a Nz, o) distribution. Find

the critical regions for the test statistic X in the following test.

Hy:g=125H,: u=125u=25 a=15, atthe 1% level

Solution:

Hy:w=125 Hp w=125 cwvisd =23263

(X-125)
Voot ML
(].5 ]
<25
Eeject Hyfor 2 = 23263
= X >125+23263x—
25

ie. F >13.19789
F =13203sf)
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Estimation, confidenceintervals and tests
Exercise F, Question 8

Question:

4 sample of size » is taken from a population having a Nz, &*) distribution. Find

the critical regions for the test statistic X in the following test.
Hy:g=85H,: 4 =85 n=50, o=4.0,, at the 10% level
Solution:

Hy: w=85 H:u<8 cwv.isd=-1281§
(X -85)

(%)

Reject Hyfor £ < -1.2516

s

&
L]

— T <85-12816x—_

50

ie X <842750. or X <843
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Estimation, confidenceintervals and tests
Exercise F, Question 9

Question:

A sample of size # is taken from a population having a Nz, o) distribution. Find

the critical regions for the test statistic X in the following test.

Hy: w=0H:pu=0,n=45 =310, atthe 5% level

Solution:

Hy =0 H;y 420 cvisZ=x1596

Z:':X;m Reject Hy for | Z | = 1.96
7
_ 3 - 3
= X=>0+196x or T<0-196x—
45 45

ie. X =087653. or X <— 087653,
ie X=08770r X <—0877 (3:f)
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Exercise F, Question 10

Question:

A sample of size » is taken from a population having a Nz, o) distribution. Find
the critical regions for the test statistic ¥ in the following test.

Hy:pg=-8H: u=-8#r=20, a=12, at the 1% level

Solution:

Hy wu=-8 H,:u=-8 cwvisI=%25758

|_}_J_f— —8%1
=% Eeject H,, for | 2| = 2.5758
)
=X »-84+2.5758x% b2 orf¢—8—25?58><£
' J20 ' V20

X >-73088.. or £ <-8.6911...
e T>-73lor T <-869 (3s£)
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Exercise F, Question 11

Question:

The times taken for a capful of stain remover to remove a standard chocolate stain
from a bab¥'s bib are normally distributed with a mean of 1825 and a standard
deviation of 195, The manufacturers of the stain remowver claim to have developed a
new formula which will shorten the time taken for a stain to be removed. A random
satnple of 25 capfuls of the new fortmula are tested and the mean time for the sample
12 179,

Test, at the 5% lewvel, whether or not there 15 ewvidence that the new formula is an
improvement

Solution:

a=15 x#=25 =179

H,: 2=185 (no improvement) H,: 4 =185 (shorter time)
_ (179-185)
(15

V25

Eesult 15 significant, so reject H,

ts 15z =-2<-16449 S%cv.isz=-1644%

There iz evidence that the new formula i3 an improvement
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Exercise F, Question 12

Question:

The I scores of a population are normally distributed with a mean of 100 and
standard deviation of 15, A psychologist wishes to test the theory that eating
chocolate before sitting an IQ test improves vour score. & random sample of 100
people are zelected and they are each given a 100 g bar of chocolate to eat before
taking a standard I test Their mean score on the test was 1025 Test the
peychologist's theory at the 5% lewvel,

Solution:

a=15,r=100,T=1025

H,:x4=100 H;: g4=100 (mproved score)
_ (102.5-100)
(15

~100

Eesult 15 significant so reject H,.

ts. sz =1.66=>1.6445 5% cwv. iz z=1.644%

There 1z evidence to support the psvchologist's theory.
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Exercise F, Question 13

Question:

The diameters of circular cardboard drinks mats produced by a certain machine are
normally distributed with a mean of 9 cm and a standard dewation of 0.15 cm. After
the machine iz serviced a random sample of 30 mats iz selected and their diameters
are measured to see if the mean diameter has altered The mean of the sample was
2.95 cm. Test, at the 5% lewvel, whether there is significant evidence of a change in the
mean diameter of matz produced by the machine,

Solution:

a=015r=30F=895
H,: 4=9 (no change) H,: 4= 9 (change in area diameter)
_(895-9) _

; i A i
t.s. 152 015 18257, SMcwvisz=2x1.96

30

—1.8257... = —196 zo result 15 not significant.
There 1z insufficient evidence of a change in mean diameter.
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Exercise F, Question 14

Question:

a FEesearch workers measured the body lengths, in mim, of 10 specimens of fish
spawn of a certain species off the coast of Eastern Scotland and found these
lengths to be
125 102 111 %96 121 23 107 114 147 104
Obtain unkiased estimates for the mean and variance of the lengths of all such fish
spawn off Eastern Scotland.

b  Eesearch shows that, for a very large number of specimens of spawn of this
species off the coast of Wales, the mean body length 15 10.2 mm. Assuming that
the variance of the lengths of spawn off Eastern Scotland iz 2.6, perform a
significance test at the 5% level to decide whether the mean body length of fizh
spawn off the coast of Eastern Scotland iz larger than that of fish spawn off the
coast of Wales,

Solution:
n=10, T x=112, X x* =1277.26 . 1277.26-10x11.2%
IS' =
a f=£:11_2 " 2
10 s =254
o =256
b H,.u = 102 H,:u=102 (Scottish fish are longer)
t.s.isz=w=l.9?6... Mecw isz=16449
2.56
10

1976 . =16449 so the result is significant

There 1z evidence that the fish off the coast of Eastern Scotland are longer than
those off the coast of Wales.
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Exercise F, Question 15

Question:

a Explain what you understand by the Central Limit Theorem.

b An electrical firm claims that the average lifetime of the bulbs it produces 1z
200 hours with a standard dewviation of 42 hours To test this claim a random
samnple of 120 bulbz was taken and these bulbs were found to have an average
lifetime of 789 hours. Stating your hypotheses clearly and using a 3% lewel of
significance, test the claim made by the electrical firm.

Solution:

a The Central Limit Theorem enables you to assume that X has a normal
distribution no matter what the distribution of X since it states that no matter what
the distribution of the parent population, provided the size of randomly chosen
samples iz sufficiently large, then the distribution of the mean of such samples
will be approzimately normally distributed

b #=120, =788, =42

H,: =800 (claim is true) H,: p= 800 (claim is false)

t.s.isz=(?894_28m)=—2.869..., o isz==196

120

—2.869 < 196 50 the result 15 significant

There iz evidence that the mean length of lifetime of the bulbs 12 not 800 hours,

suspect the claim made by the firm.
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Exercise G, Question 1

Question:

Catry out a test on the given hypotheses at the given lewel of significance.

The population from which the random sample 15 drawn 15 normally distributed.
Hy = Hy g m o m=15,0=50,n,=20, g,=45,57=238 and %, =215

using a 5% level

Solution:
Hy =m0 Hyw= i Socw 13 2 =1.6449
T L

04 w03

RS

15 20

13699 = 1.6449 so result 13 not sigrificant, accept Hy,
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Exercise G, Question 2

Question:

Carty out a test on the given hypotheses at the given level of significance.
The population from which the random sample 15 drawn 15 normally distributed.

Hy = H g2 m=30,0=42n=25ag=56x5=456 and %, =517

using a 3% lewvel

Solution:
Hy =0 Hyw=i4 SMoow 1z z=41.96
t.s. isz=w Choose T, — X toget z =0
42 358
it S
sl 25

te 1sz=158%_ =196 soresult s significant, reject H,.
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Exercise G, Question 3

Question:

Catry out a test on the given hypotheses at the given lewel of significance.
The population from which the random sample 15 drawn 15 normally distributed.

Hy = Hypg =y =25, 0,=0081,n,=35,,=0757 =362 and

T =411 using a 1% lewvel

Solution:

Hopg=py Hytpg =gy

t.a. 1
0.21% 075

+
250 36

tsois — 23846 . = 23263 soresult i significant, reject H,.
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Exercise G, Question 4

Question:

Carry out atest on the given hypothesis at the given level of significance. What 15 the
significance of the Central Limit Theorem in these three questions?

Hy = Hyr g =20 =085, 0,=82,5,=100,g,=11.3, 5 =112.0 and

T, =108.1 using a 1% lewvel

Solution:
Hypg=m Hypg=ig 1% v 13 2 =22.5758
e R

g.2% 113
Sl M
g5 100
significant result so reject Hy .

Central Limit Theoretn applies since #, #, are large and enables you to assume X

and X, are both normally distributed.
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Exercise G, Question 5

Question:

Carry out a test on the given hypothesis at the given level of significance. What 15 the
significance of the Central Limit Theotem in these three questions?

Hy: =0 0y gy > 00, =100, =183, 1, =150, o, =154, 5y =72.6 and
T =695 using a 5% lewvel

Solution:
Hy =50 Hypg =i SYocw 1z 2=1.96
mesiepe a0 -0 00 08 uage 2 ge
1237 1547
+
100 150

Result is not significant so accept H,.

Central Limit Theorem applies since #,, #, are both large and enables youto assume

X, and X, are normally distributed.
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Exercise G, Question 6

Question:

Carty out a test on the given hypothesis at the given level of significance. What 1z the
significance of the Central Limit Theorem in these three questions?

Hy: =00 Hy gy < =120, g =0.013, 5, =90, = 0.015, 5, = 0.863 and
T, = 0.868 using a 1% level

Solution:

Hym=p Hy i <ig 1%ocw 1z 2 =-2.3263
T (0.863-0.868) -0

ts is =5 500 e =23963
Jo.olzﬂ 0.0152

+
120 20

Eesult 15 significant so reject Hy .
Central Limit Theorem is used to assume X, and X, are normally distributed since

koth samples are large.
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Exercise G, Question 7

Question:

& certain factory has two machines designed to cut piping. The first machine worls
to a standard dewiation of 0.011 cm and the second machine has a standard dewviation
of 0015 em. A random sample of 10 pieces of piping from the first machine hasz a
mean length of 6531 cm and a random sample of 15 pieces from the second machine
haz a length of 6524 cm. Assuming that the lengths of piping follow a normal
distribution, test, at the 5% level, whether or not the machines are producing piping of
the same mean length,

Solution:

g, =0011 »=10 %=6531
o, =0015 =15 % =6.524

Hy =0 H =i, SMeovisz=2136
. Z=(6.531—6.524}—U

ts iz =134466_ . =1.96
0.011% 0:015°
+
10 15
Mot significant.
Accept Hy.

There 1z insufficient evidence to suggest that the machines are producing pipes of

different lengths.
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Exercise G, Question 8

Question:

& certain health authority set up an investigation to examine the ages of mothers

when they give birth to their first children

A random sample of 250 first-time mothers from a certain year had a mean age of

2245 yvears with a standard dewviation of 2.9 years. & further random sample of 280

first-time mothers taken 10 years later had a mean age of 22,96 years with a standard

deviation of 2.8 years.

a Testwhether or not these figures suggest that there 1z a difference in the mean age
of first-time mothers between these two dates.

b State any assumptions you have made about the distribution of ages of Hrst-time
mothers.

Solution:

m =250 %=2245 §=29
n, = 280 X, =2296 §,=28

Agsume 5 =, since samples are large.

Hy:p=p, Hi:w=u, Use S0 significance lewvel
cv. 152 =+1.96
5 o (22.96-22.45)-0
2'_92+£ Use x, — 7 to make
250 280
te. = Z=2054. =196

Eesult 1z significant.

There iz evidence of a difference in mean age of first-time mothers between these
two dates.

b There 1z no need to have to assume that both populations were normally
distributed since both samples were large so the Central Limit Theorem allows

youto assume both sample means are normally distributed.
We have assumed that 5=, and 5, =a,
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Exercise H, Question 1

Question:

An experiment was conducted to compare the drying properties of two paints,
Cuickdry and Speedicover. In the experiment, 200 zimilar pieces of metal were
painted, 100 randomly allocated to Quickdry and the rest to Speedicover,

The table below summarises the times, in minutes, taken for these pieces of metal to
becotne touch-dry.

Ouickdry | Speedicover

Mean 287 306
Standard 782 2.5
deviation

TTeing a 2% significance lewvel, test whether or not the mean time for Quickdry to
becotne touch-dry is less than that for Speedicover. State your hypotheces clearly,. £

Solution:

np o= D0 Fy=08 weg=1730
ng = 100 %, =306 s,=351

Ho ptg=ps Hyt gy <ty {ie. Quickdry dries in a shorter
time than Speedicover)
. (206-287N-0
ts 152 | ey TE—
?13[2] +31'§é Test fy = fip toget 220,
= 234 Mocw 15 z=1.6449

ts 1z 2 34 =1 6449 20 the result is significant.
There 1z evidence that Quickdry dries faster than Speedicover.
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Exercise H, Question 2

Question:

A supermarket examined arandom sample of 80 weekend shoppers' purchases and an
independent random sample of 120 weekday shoppers' purchaszes. The results are
sumimarised in the table below.

e X g
Weekend a0 3864 | 659
Weekday | 120 | 4013 | B.23

a otating your hypotheses clearly test, at the 5% lewvel of significance, whether there
15 evidence that the mean expenditure in the week 15 more than at weekends.
b State an assumption you have made in carrying out this test

Solution:

a =80 % =3864 5=659
n, =120 %, =4013 5 =823

Hy =5 Hyp=4y 5% cow 13 z=16449

_ (40.13-38.64) 0

\/6.592 827

80 120

ot significant

There 1z insufficient evidence to confirm that me an expenditure in the week 13
mote than at week ends.

=1.415% =1.644%

ts 15z

b We have assumedthat s = and 5, =,
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Exercise H, Question 3

Question:

Tt 1z claimed that the masses of components produced in a small factory have a mean

mass of 10 g A random sample of 250 of these components 15 tested and the sample

mean, X .15 288 g and the standard dewiation, 5,12 1.12 g

a Test, at the 3% level, whether or not there has been change in the mean mass of a
cotnponent

b State any assumptions you would make to carry out this test.

Solution:

g=g=112,#=230,7T =388

a H,: 4=10 H;} u=10 S oovo1sz=21.96
t.s.isz=w=—l_694_?—l_96
ldi2?
250

Mot significant
Inzufficient evidence to support a change in mean mass.

b We have assumed that 5= o since # 1z large.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Estimation, confidenceintervals and tests
Exercise H, Question 4

Question:

Two independent samples are taken fom population A and population B Carry out
the following tests using the information given.

a Hyp,=u, Hp:p, = ppusing a 1% level of significance
ny=90, n,=110, x,=841, x,=879, 5,=125, s,=14%6

b Hy:p,—f=2 Hp:p,— i =2 using a 3% level of significance
n, =150, n, =200, x,=1251, %, =1193, 5,=232, s5,=184

¢ State an assumption that vou have made in carrving out these tests.

Solution:

a Hy:u, =4, Hpy<py cvisz=-23263

. (84.1-87.9-0
15152 = aeae—m————
125 146
+
0 110

Mot significant so accept Hy,.

—1.9825 . = -2 3263

b Hy o, —pp=2 Hyip—Hz=2 cwvizz=16448
_(1251-119.3)-2
95 R gy

+
150 200

significant so reject Hy.

tsisz =1.6535.. = 1.6449

¢ We have assumed s, =, and 5, = g, since the samples are both large.
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Exercise H, Question 5

Question:

A shopkeeper complains that the average weight of chocolate bars of a certain type
that he 15 buving from a wholesaler 15 less than the stated wvalue of 850 g The
shopkeeper weighed 100 bars from a large delivery and found that their weights had a
mean of 826 g and a standard dewiation of 7.2 g Teing a 5% zignificance level,
detertnine whether or not the shopkeeper is justified in his complaint. State clearly the
null and alternative hypotheses that you are using, and ezpress your conclusion in

words. K

Solution:

=100, T =836, =72
Hy: u=8>5 H:u<8> cv.izz=-16449

tgisz= (83.6 -85) =_1044  =—16449
70
100

=ignificant

There iz evidence that the weights of chocolate bars are less than the stated value
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Exercisel, Question 1

Question:

The breaking stresses of rubber bands are normally distributed. & company uses

bands with a mean breaking stress of 4650 M. & new supplier claims that they can

supply bands that are stronger and provides a sample of 100 bands for the company to

test. The company checked the breaking stress, x, for each of these 100 bands and the

results are summarizsed az follows:

#=100 Ix=4715 Ix*=222910

a Test, at the 5% level, whether or not there 15 evidence that the new bands are
better.

b Find an appromimate 95% confidence interval for the mean breaking stress of
these new rubber bands,

Solution:
a 7= 4715
100
2
_ \{222910 ;gom?.lﬁ g

H,: 4=4650 (no better) H;: p=4650
(47.15- 46.50)

ts 15z = S AET =2645__.

~100

% cw 1z z=1.644%
t.z. 15 2.645 =1 6449

Eesult 15 significant so reject Hy .
There 1z evidence that the new bands are better.

; a
b 95% Clis ¥+196——
Jn

24572 ..

~100

= (466633 476316.)
= (467.476) (3sf)

MNE Zince # is large, we have assumed =2

= 47154196
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Exercisel, Question 2

Question:

On each of 100 days a conservationist took a sample of 1 litre of water from a
particular place along a river, and measured the amount, x mg, of chlorine in the
satmple. The results she obtained are shown in the table.

x 1 2 3 4 5 & 7 2 9
Nisrzher
af dvs 4 3 20 22 16 13 10 & 1

a  Caleulate the mean amount of chlorine present per litre of water, and estimate, to
3 decimal places, the standard error of thizs mean.

b OChtain approzimate 98% confidence limits for the mean amount of chlorine
present per litre of water.

Civen that measurements at the same point under the same conditions are taken for a

further 100 days,

¢ estimate, to 2 decimal places, the probability that the mean of these measurements

will be greater than 4.6 mg per litre of water, E

Solution:

=100, D x=453, > x'=2391

g w2l g
10
2
_ \fzzm 100x4.58 ooy
99
Standard error = % =0185 (2dp)
Fd
b 98 CLis T+2.3263- Ugereis

= N

(4.0995...,4.9604)
(4.10,4.96) (3sf)

P(x=46) = P z;w
‘. 0185,
L6480
/, ) = P{Z=0378_) Tse 0.38
— n = 1-0.6480
Skt = 03520 (tables)
or = 0.3523% {calculator)

=0 accept awrt 0352 ~ (353
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Exercisel, Question 3

Question:

The amount, to the nearest mg, of a certain chemical in particles in the atmosphere at
a meterological station was measured each day for 300 days. The results are shown in

the table.

Amount of chemical (mg) | 12| 13| 14 | 15| 16
Number of days 5 42 210 31 |12

Find the mean daily amount of chemical over the 300 days and estimate, to 2 decimal
places, itz standard error.

Solution:

2 =300, x=4203, 3 7" = 59025

3¢ 37 = S50y
300
2
_ [p9025-300x140F _ oo
299
Standard error = —— =0.039643.. =004 (2dp)

e
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Exercisel, Question 4

Question:

From time to time a firm manufacturing pre-packed furniture needs to check the mean
distance between pairs of holes drilled by machine in pieces of chipboard to ensure
that no change has occurred. It 15 known from experience that the standard deviation
of the distance iz 0,43 min. The firm intends to take a random sample of size #, and to
calculate a 9% confidence interval for the mean of the population. The width of this
interval must be no mote than 060 mm.

Caleulate the minimum value of ». E

Solution:

=043
Width of 59% C.L is 2% 2.5758——

N

2w 2 5758 x 043 < 0.60

5
-\,."; n 2x2 5T0Rx 043

0.6
n=1363

2o the smallest value of 2 15 14

Eequire

=3691...
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Exercisel, Question 5

Question:

The times taken by five-year-old children to complete a certain task are normally
distributed with a standard dewviation of 8.0s. A random sample of 25 five-year-old
children from school A were given this task and their mean time was 44 2z,

a Find 95% confidence limits for the mean time taken by five-year-old children

trom school A to complete this task.

The mean time for a random sample of 20 five-year-old children from school B was
409 5. The headteacher of school B concluded that the owverall mean for school B
tnust be less than that of school A Given that the two samples were independent,

b test the headteacher's conclusion using a 5% significance level State your
hypotheses clearly. E

Solution:

a=510
ny,=25 x,=442

a 9% QL s 44.2i1.96x£

25

(41.064, 47 336)
(41.1,47.3) (3sL)

b ox,=20 X,=40.9

Hyrp=0 Hype = py % ocwoisz=—16449
OO L L W

g? g2

= SRS o

DhE-o5

Mot significant so accept H.
There 1z insufficient evidence to support the headteacher’s claim.
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Exercisel, Question 6

Question:

The random variable X has a normal distribution with mean & and standard deviation
2.

A randotmn sample of 25 observations is taken and the sample mean X is calculated in
order to test the null hypothesis 4=7 against the alternative hypothesis 4=7 using

a 5% lewel of significance.

Find the critical region for X . E
Solution:
X o M{, 27)
5y
w=25 ENN[,M,[E] J
H, ou=7 H :u=7 o 15 z=1.6449

Eeject H, for Z =1.6443
(=)

g

£ =

s 2
=X = ?+1.6449><§

e X =76579
e X¥=766(:f)
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Exercisel, Question 7

Question:

A certain brand of mineral water comes in bottles, The amount of water 1n a bottle, in
millilitres, follows a normal distribution of mean (£ and standard dewiation 2. The
manufacturer claims that g is 125 In order to maintain standards the manufacturer

tales a sample of 15 bottles and calculates the mean amount of water per bottle to be
124 2 millilitres,

Test, at the 3% lewel, whether or not there is evidence that the value of £ 15 lower
than the manufacturer's claim. State vour hypotheses clearly. E

Solution:

B~ N{g, 2%)
n=15 ENN(;;,%) E=1242

Hy =125 Hp:u=125 cwizz=-1.6449

: (124.2-125)-0
ts1sz= -

15
Mot significant, se accept H,.

=-1.54%1.. > -1.6449

There is insufficient evidence to suggest that the mean contents of a bottle iz lower
than the manufacturer’s claim.
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Exercisel, Question 8

Question:

The random wariable X is normally distributed with mean 4 and variance o

a Write down the distribution of the sample mean X of arandom sample of size &

An efficiency expert wishes to determine the mean time taken to drill a fized number
of holes in a metal sheet.

b Determine how large a randem sample 15 needed so that the expert can be
95% certain that the sample mean time will differ from the true mean time by less
than 13 seconds. Assume that it iz known from previous studies that
a=40zeconds . E

Solution:

X oWy, 0*)
2 FeoNp )
M

b P(E-u|<15=D[|Z|< 2

F _

5
. i
Require P[|Z|e: &Jboaﬁ 0.025. 4\ \?f,u_uzﬁ
17

a i

e 15\-"; 21,96 -1.96 1.96 =
o
40x1.96

aT=40=f = T=5_2266...
Lm e 27.318.

=oneed 2 =128 or more
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Exercisel, Question 9

Question:

A commuter regularly uses a train service which should arrive in Londeon at 0931 He
decided to test this stated arrival time. Each working day for a period of 4 weeks he
recorded the number of minutes x that the train was late on arrival in London If the
train arrived early then the value of x was negative. His results are summarised as
follows:

n=20 Tx=150,Tx*=103.21.

a Calculate unbiased estimates of the mean and variance of the number of minutes
late of his train service.

The randem wariable X represents the number of minutes that the train iz late on

arriving in London Eecords kept by the railway company show that over fairly short

periods, the standard dewiation of X iz 2.5 minutez. The commuter made 2

assumptions about the distribution of & and the walues obtained in the sample and

went on to calculate a 95% confidence interwal for the mean arrival time of this train

SErVICE.

b State the two assumptions.

¢ Find the confidence interval

d  Given that the assumptions are reasonable, comment on the stated arrival time of

the service. X
Solution:
&'x
a f———ﬂ=0.75
b 20
i 2
2 103.21-20=075 — 454
15
b ao=25

1 assume that X has a normal distribution
1 assume that the sample was random.

¢ 95% CLis fil.%%
Frd

U.?5i1.96><£

~20

(—0.34567...,1.8456..)
(—0.346,1.85) (3s£)

d  Since 0ig in the interval it 15 reasonable to assume that traing do arrive on time.
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Exercisel, Question 10

Question:

The random wariable X iz normally distributed with mean g and variance o .

a  Write down the distribution of the sample mean X of arandom sample of size 2.

b Explain what you understand by a 95% confidence interval.

A garage sells both leaded and unleaded petrol. The distribution of the values of sales

for each type 15 normal During 1920 the standard deviation of individual sales of

each type of petrol 13 £3 25 The mean of the individual sales of leaded petrol during

this time 1z £2.72. A random sample of 100 individual salez of unleaded petrol gave a

mean of £9.71.

Calculate

¢ an interval within which 20% of the sales of leaded petrol will lie,

d a 25% confidence interval for the mean sales of unleaded petrol

The mean of the zales of unleaded petrol for 1989 was £9.10.

e Tlzing a 5% significance level, investigate whether there 18 sufficient ewvidence to
conclude that the mean of all the 1990 unleaded sales was greader than the mean
of the 1989 sales,

f Find the size of the sample that should be taken so that the garage proprietor can
ke 95% certain that the sample mean of sales of unleaded petrol during 1290 will
differ from the true mean by less than 50p. E

Solution:
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d

-,

X e Nig, %J

95% C.1 iz an interval within which we are 92% confident £ lies
L =zales of leaded petrol {7 = zales of unleaded petrol
L (872, 3:259) I~ WF(9.71, 3,259

90% of £ between 8.72+1.6449x3 25
= (33740 . 14.0659_)

= (337,141 3:1)

=100 7=571

959 CL for g, 180 9712196 50
100
= (90731034
= (807 1035 (nearest penny)
Hy:p,=%10 (ie same as 1985) H,: i, =510 (1990 zales = 1989 zales)
Mo ocw 1z z=164458
tsisz= [9'?]3_22'10) =1876%9 . =1.6449 significant so reject Hy,
~ 100

There iz evidence that the mean sales of unleaded petrol in 1990 were greater than
in 1989

=1.96

P(| - |<0.50)>095= 0'3 ;’f

te. fr =127 or n=>16230.. . n=163
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Exercisel, Question 11

Question:

a Explain what iz meant by a 5% confidence interval for a population mean.

The lengths, in cm, of the leaves of willow trees are known to be normally distributed
with variance 1.33cm?.

A zample of 40 willow tree leaves iz found to have a mean of 1020 cm.

b Estimnate, giving wour answer to 3 decimal places, the standard error of the mean.
¢ Tlze this value to estimate symmetrical 95% confidence limits for the mean length
of the population of willow tree leaves, giving your answer to 2 decimal places.

d Find the minimum size of the sample of leaves which must be taken if the width

of the symmetrical 98% confidence interval for the population mean 18 at most
1.50 cin. K

Solution:

a A SB% CL isan interval within which we are 98% sure the population mean wrill
lie.

b 1L =length of willow tree leaves Lo N p 1,33

n=40,L=1020

Standard error of the mean = S5 ﬁ =018234 .

=0.182 (3dp)
¢ 95% CIis 10.2041.96%0.182---

= (9.8426...,10.5573..)

= (9.84,10.56) (2 d.p)

d Width of 98% C.L is 2x 2.3263x ——

N

2¥ 232631 J1.33 <150

N

. Eequire

or «fn =357
Le »n=1279__.
L need =13
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Exercisel, Question 12

Question:

The distance driven by a long distance lorry driver in a week 15 a normally distributed

variable hawving mean 1130 km and standard deviation 106 km.

a Find, to 3 decimal places, the probability that in a given week he will drive less
than 1000 km.

b Find, to 3 decimal places, the probability that in 20 weeks his average distance
driven per week is more than 1200 km.

MNew driving regulations are introduced and, in the first 20 weeks after their

intreduction, he drives a total of 21 200 lem.

Azzuming that the standard deviation of the weekly distances he drives 15 unchanged,

¢ test, atthe 10% level of significance, if his mean weekly driving distance has been

reduced State clearly vour null and alternative hypotheses. E

Solution:
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D~ N(1130,106%)

a

L os  B0<lo0p = p(z <2
b 106
S = P(Z<-12264_3y TUse —1.23
= 1-0.8907
= 010932 (tables)
or = 011002 (calculator)

soaccept 0.10% or 0110 (3 dp))

2
b x#==Z0 ﬁmN[l]BD,mG]
20

. (1200-1130)

o P(D=1200) = P|Z
//”f \\x' (LU9%4 ¢ ) 106
PN
. _'__.d--" .__..-’ ‘Elf-:':."-' - JZ_O
‘;ff"’/ = P(Z>2953) TUse295
o = 1-0.9984
= 00016 atiles)
ar = 0001572 {calculator)
Soaccept 0,002 (3 dp)
¢ H,: x=1130 (zame) H,:p0= 1130 (reduced)
1% cow 15 z=-1.2816
a4 =M=1095
20
Ctsisz= (1095-1130) =-14766...<-1.2816
106
20

significant so reject Hy

There iz evidence that his mean weekly driving distance has been reduced.
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Exercisel, Question 13

Question:

Climbing rope produced by a manufacturer 15 known to be such that one-metre

lengths have breaking strengths that are normally distributed with mean 170.2 kg and

standard deviation 10.5 kg Find, to 2 decimal places, the probability that

a a one-metre length of rope chesen at random from those produced by the
manufacturer will have a breaking strength of 175 kg to the nearest kg,

b arandom sample of 50 one-metre lengthe will have a mean breaking strength of
tore than 1724 kg

A new component material iz added to the ropes being produced. The manufacturer

keliewes that thiz will increase the mean breaking strength without changing the

standard dewiation A random sample of 50 one-metre lengths of the new rope is

found to have a mean breaking strength of 1724 kg

¢ Perform a significance test at the % level to decide whether this result provides
sufficient evidence to confirm the manufacturer's belief that the mean breaking
strength is increased. State cleatly the null and alternative hypotheses that yvou are
using. [E]

Solution:
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B =breaking strength ~ M(170.2, 10.5%)

a

P{1745< 8<1755) = P(0.4095< Z <0.5047-)
= 06915-0.6591

yd = 00324 (Hables)
or = 0054214 (calculator)
S0 accept 0022 ~ 0024
= 10.5%
b »w=230 BNN[I?D.E, ]
50
pes P(E=1724)=P| Z > 1724-170.2
M 09306 10.5
50
A =Ha 148150 Tse 1.48
=1-09308
= 0.06%4 {tables)
of = 0069229 {calculator)
1.e. accept awrt 0.069
e H, 4=1702 H;:u=1702 S% covo1sz=1.6449
ts isz = (1?2"10—;?0'2) =14815... <1.644% . Mot sigmficant so accept H,
50
Insufficient evidence of an increase in the mean breaking strength of climbing
rope,
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Exercisel, Question 14

Question:

A machine fills 1 kg packets of sugar. The actual weight of sugar delivered to each
packet can be assumed to be normally distributed. The manufacturer requires that,
1 the mean weight of the contents of a packet 15 1010 g, and
n  95% of all packets filled by the machine contain between 1000 g and 1020 g
of sugar.
a  Z=how that thiz iz equivalent to detanding that the wvariance of the sampling

distribution, to 2 decimal places, is equal to 26.03 g%,

A sample of B packets was selected at random from those filled by the machine.

The weights, in grams, of the contents of these packets were,

10126 10177 10152 10157 10200% 10057 100%9% 10114

Aszsuming that the variance of the actual weights is 26.03 g%,

b test at the 2% significance lewel, (stating clearly the null and alternative

hypotheses that vou are using) to decide whether this sample prowvides sufficient
evidence to conclude that the machine is not fulfilling condition 1 K

Solution:

W =weight of sugar
W e HE1010, o)

a PO000D < <10200=0.95
= 1.96c=10
509 . EE=060308... HEr=2603 0 d)

b 2=83x=8109.1, T2’ =8219 846.85|

T=10136375
Hy:px=1010 H;: q=1010 2% cv 13z =32 3263

tgisz= (1013.6375 -1010) =20165... < 23263

%)

Mot significant so accept H, .

There 15 insufficient evidence of a dewiation in mean from 1010, so we can
assume that condition i is being met.
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Exercisel, Question 15

Question:

a “Write down the mean and the variance of the distribution of the means of all
possible samples of size # taken from an infinite population having mean i and

variance o .

b Describe the form of this distribution of sample means when
i #islarge,

i the distribution of the population is normal.

The standard dewiation of all the till receipts of a supermarket during 1984 was £4.25,

¢ (iven that the mean of a random sample of 100 of the till receipts 15 £15.50,
obtain an approzimate 5% confidence interval for the mean of all the till receipts
during 1984,

d Find the size of sample that should be taken so that the management can be 95%
confident that the sample mean will not differ from the true mean by mote than
.

e The mean of all the till receipts of the supermarket during 1283 wasz £12.40,
Tzing a 5% significance level, investigate whether the sample in a above provides

sufficient ewvidence to conclude that the mean of all the 1984 till receipts is
different from that in 1953 E

Solution:
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ED=u Var(B)=Z

a

(=2

- a
i By Central Limit Theoretn X = r MNotrmal 1e XNN[,H, -

ii E’NN(,u,i]

e
a=425

c x=100 x=18.30

95% C T 1s 185011 96 xﬂ

+100

= (17.667,19.333)
= (17.7,19.3) (3ef)

d P(X-u|<050> 095

0.50 x~fn

4,25
ie. fr 1666 ien=27755._.

e, n=2780or more

=1.96

e H,:u=1%4 H; u=13%4 S ocov 1sz=21.96
t.s. isz=(18'5jz_5]9'4) =-21176_. <=-1%& significant so reject Hy.
100

There 15 evidence that the mean of till receipts in 1984 15 different from the mean
value in 1983,
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Exercisel, Question 16

Question:

The diameters of eggs of the little gull are approximately normally distributed with

mean 4. 11 cm and standard deviation 0.19 cm.

a Calculate the probability that an egg chosen at random has a diameter between
39 cmandd 5em

A sample of B little gull egge was collected from a particular island and their

diameters, in cim, were

44,4541,35% 44, 46,45,4.1

Aszsuming that the standard dewiation of the diameters of eggs from the island 15 also

0.1% cm,

b test, at the 1% lewel, whether the results indicate that the mean diameter of little
gull eggs on this island is different from elsewhere, E

Solution:

D=diameter ~I7(4.11,0.15%

a

P(3.9<D<45 =P(-1.105... < Z <2.052..)
= 0.480340.3665
= (1.5468 (tables)

or = 0.845423 {calculator)
so accept awrt 0 845 ~a 0 847

b o=01%r=82x=3457%=43125

Hy: =411 H;: u=411 1% significance lewel cow 15 z =12.5758

ts isz= (4'31351_94'11) =30145...= 25738 significant so reject Hy,
VB

There 15 evidence that the mean length of eggs from this 1zland 15 different from

elsewhere.
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Estimation, confidenceintervals and tests
Exercisel, Question 17

Question:

Eecords of the diameters of spherical ball bearings produced on a certain machine
indicate that the diameters are normally distributed with mean 0,224 cm and standard

deviation 0.046 cm. Two hundred samples, each consisting of 100 ball bearings, are
chosen

a  Calculate the expected number of the 200 zamples having a mean diameter less
than 0 823 cm.

Cn a certain day it was suspected that the machine was malfunctioning It may be

assumed that if the machine is malfunctioning 1t will change the mean of the

diameters without changing their standard deviation. On that day a random sample of
100 ball bearings had mean diameter of 0,824 cm.

b  Determine a 28% confidence interval for the mean diameter of the ball bearings
keing produced that day.

¢ Hence state whether or not wou would conclude that the machine is
malfunctioning on that day given that the significance level iz 2%, E

Solution:

D= diameter ~ N(0.824, 0.046%)
# =100

3 (0.823— 0.824)

(&)

a P(D<0823)=P|Z

= P(Z<-02173..) Use —0.22
= 1-0.5871
= 04129 (tables)

or = 041395 (calculator)

te accept awrt 0413~,0414
so out of 200 =~ 83 samples will have mean < 0.823

b x=1004 =0234
0.046

~ 100

= (DB2325..., 084470,
= (082303845 (3:£)

98% CI 1z 0834 £23263x

¢ oince 0824 1z in the C. 1 we can conclude that there 15 insufficient evidence of a
malfunction.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Goodness of fit and contingency tables
Exercise A, Question 1

Question:

An octagonal die 15 thrown 500 times and the results are noted. It 1z assumed that the
die 15 unbiased. A test 15 to be done to see whether the observed results differ from the
expected ones. Write down a null hypothesis and an alternative hypothesis that can be
used.

Solution:

H,: There 15 no difference between the observed and expected distributions.

H;: There 15 a difference between the observed and expected distributions,
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Goodness of fit and contingency tables
Exercise A, Question 2

Question:

For 5 degrees of freedom find the critical value of 7* which is exceeded with a
probability of 5%,

Solution:

11.070
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Goodness of fit and contingency tables
Exercise A, Question 3

Question:

Find the values of the following from the table on page 137,
a 75

b % (1%)

e pn(10%)

Solution:

1 11070
o 20.0%0
m 15587
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Goodness of fit and contingency tables
Exercise A, Question 4

Question:

With v=10 find the value of 3* that iz exceeded with 0.05 probability.

Solution:

18,307
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Goodness of fit and contingency tables
Exercise A, Question 5

Question:

With v==28 find the value of 3* that is exceeded with 0.10 probability.

Solution:

13362
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Goodness of fit and contingency tables
Exercise A, Question 6

Question:

The random variable ¥ has a 3° distribution with 8 degrees of freedom. Find y such
that P{¥ <y)=109%

Solution:

20.0%0
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Goodness of fit and contingency tables
Exercise A, Question 7

Question:

The random wvariable X has a 3° distribution with 5 degrees of freedom. Find x such
that P{& = x)=1095.

Solution:

11.070
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Goodness of fit and contingency tables
Exercise A, Question 8

Question:

The random variable Y has a 3° distribution with 12 degrees of freedom.

Find:
a yauch that P(¥F =) =005,
b wsuch that P(F < ) =055

Solution:

a 5226
L 21.026
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Goodness of fit and contingency tables
Exercise B, Question 1

Question:

The following table shows obzerved walues for what i thought to ke a discrete
uniformn distribution.

X 1 2 3 4 5 & 7 B

F"*““:“‘"-*'“f 12 | 24 | 18 | 20 | 25 | 17 | 21 | 23

a  Calculate the expected frequencies and, using a 2% significance level, conduct a
goodneszs of fit test
b State your conclusions.

Solution:

a Total frequency =140

Ezxpected frequency for each walue of x= Tg_ﬂ =20

H,: A discrete uniform distribution 15 a suitable model.

H,: A discrete uniform distribution iz mot a suitable model
1 2 2

pl2=20) +(24 20 s (el

Test statistic| p* | =
20 20 20

ts (3] =64 . _
T S L Efalue? found for 7 W1ll.var3r according to the

i 4 rounding vou do. If possible work to the
Crtical value (c.v,) = &7 (%)=14.067 degree of accuracy of vour calculation MNewver
¥ <ow. 5o accept H, wotlk to any less than the degree of accuracy in
the question (at least one more place is a good
idea). A range of answers that encompass
sensible degrees of accuracy would be
accepted in an examination

b There iz ne reason to doubt that the data could be from a discrete uniform
distribution. & discrete uniform distribution is a good model
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Goodness of fit and contingency tables
Exercise B, Question 2

Question:

The following tables show observed walues (O and expected wvalues (&) for a
goodness of fit test of a binomial distribution meodel The probability used in
calculating the expected values has not been found from the observed values.

& 17 28 32 15 5 3
E 1269 | 3474 | 27.5% | 1298 | 401 0,99

a  Conduct the test using a 5% significance level and state your conclusions.
b Suggest how the model might be improved.

Solution:

a H,: &bmmomial distribution 5 a good medel.

H,: & binomial distribution 13 #of a good model

- 2 g 2 = a
Test statistic 3* = i) +|:28 £l +...+(8 2.00) ¢

The last 2 groups must
15.69 3474 5.00 be pooledto get as 5

i 0 SdHg Of tore

Values found for * will vary according to the rounding wou do. If possible

wotk to the degree of accuracy of vour calculation. Mever worlk to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encotmpass sensible degrees of accuracy would ke
accepted in an examination,

/ There are O classes
after pooling.
Degrees of freedom =5-1=4

2 -— ] .
cv. = Ay (S%0) =5.488 We only have 1 restriction, the total

] .
¥ <cw. so accept Hy frequencies agree.

Conclude that there 12 no reason to doubt the data could be modelled by a
binomial distribution

b The mean of the original data could have been calculated and then used to find p
uzing mean = xp.

+— Thizs would increase the number of restrictions by 1 and
hence reduce the degrees of freedom by 1.
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Goodness of fit and contingency tables
Exercise B, Question 3

Question:

The following table shows cbserved values for a distribution which it 15 thought may
be modelled by a Poisson distribution.

= 0 1 2 3 4 5 | =5
Frequency of 12 53 oy 24 12 5 0

X

A possible model 15 thought to be Po(2) From tables, the expected walues are found
to be as shown in the following table.

X 0 1 2 3 4 5 =5

E"l"""““:ff;‘“““*'“‘"?" 1353 | 2707 | 2707 | 1804 | 902 | 361 | 166

a  Conduct a goodness of fit test at the 5% significance level.

b It iz suggested that the meodel could be improved by estitnating the value of A
from the observed results What effect would thiz hawve on the number of
constraints placed upon the degrees of freedom?

Solution:
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a H,: The data can be modelled by Po(Z2).
H,: The data cannot be modelled by Po(2).

X ] 1 2 3 4 5 or more
#] 12 23 24 24 12 5
£ 13.5%3 27.07 27.07 18.04 202 5.27
#
3 3 ,| Pool the last 2 classes
FsEn 2:.2 i g (12-13.53%) 1 (23-27.07 +___+(5— 5.7 4o get all the & values
13.53 27.07 527 ltabe S or more,

ts. | 2% = 410

Values found for 3* will vary according to the rounding you do. If possible
wotk to the degree of accuracy of your calculation Mever work to any less than

the degree of accuracy in the question (at least one more place 15 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would be

accepted in an examination

//f Classes after pooling.

Degrees of freedom =6-1=5

- 3 \
critical value = 25 (5% =11.070 Ore restriction, the total

frequencies agree.

7 <cv. o accept H,.

Zonclude that there 15 no reason to doubt the data can be
modelled by Pol2).
There 15 no reason to reject Hy.

b If A iscalculated then this becomes another restriction.
Degrees of freedom =6-2=4
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Goodness of fit and contingency tables
Exercise B, Question 4

Question:

A mail order firm receives packets every day through the mail.
They think that their deliveries are uniformly distributed throughout the week. Tes

this assertion, given that their deliveries over a 4-week period were as follows. Tse a
0.05 significance level

Day Meon | Tues | Wed | Thurs | Fri Sat
Frequency | 15 23 19 20 14 11

Solution:

H,: The data can be modelled by a discrete uniform distribution

H;: The data cannet be modelled by a discrete uniform distribution.
Expected frequency = % =17

2 2 2
o ey RN L)
17 17 17

te (71 = 5765

Test statistic | 3° |

Values found for * will vary according to the rounding wou do. If possible
wotl to the degree of accuracy of vour calculation. Mever worl to any less than
the degree of accuracy in the question (at least one more place is a good idea).
A range of answers that encotmpass sensible degrees of accuracy would ke
accepted in an examination,

Degrees of freedom =6-1=135

‘_‘—___‘_-_-_\_'_'_‘—-—__

critical value = 24 (5%) =11.070

Cine restriction, total frequencies
agree.

7 <oy, so accept H,.

Conclude that there 12 no reason to doubt the data can be modelled by a discrete
uniform distribution.
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Goodness of fit and contingency tables
Exercise B, Question 5

Question:

Cwer a pertod of 50 weeks the number of road accidents reported to a police station
were as showrn,

Number of
accldents
Number of

weeks

1 2 3 4

15 13 9 13 0

a Find the mean number of accidents per week
b Tlzing this mean and a 0.10 significance level, test the assertion that these data are
from a population with a Potsson distribution

Solution:
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a5

a . X=14-% This 1z one restriction in part b

b H,: The data can be modelled by Po(1.4).
H,: The data cannot be modelled by Po(1.4).

upper limit

A Potsson distribution has no \

% 0 1 2 3 4 5 or more
#] 15 12 9 12 0 0
£ 12.320 17.262 12.08% 5629 1.974 0712

Y

This 15 one restriction in part b,

a0 —[total of other &'s in list]

Taotal frequency = 50 -— ]

E(h = {e'“ % ][;]ilnj gl

The last 3 claszes must be pooled so all the B's are 5 or tmore.

x 0 1 2 3 or more
8] 15 13 9 13
) 12.330) 17.262 12083 H.325

e e e +(13—1?.262}F 5 (9—12.08%)° +(13—8.325)2
12320 17.262 12.083 3.325
ts (28] =504

Test statistic | 37| =

Values found for 3* will vary according to the rounding vou do. If possible

wotl to the degree of accuracy of your calculation Mever work to any less than
the degree of accuracy in the question (at least one more place 15 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination,

/ Mumber of classes after pooling,

Degrees of freedom =4 - 21-.___,____‘_“___‘_

. Mumber of restrictions.

critical value = % (10%) =4.605

2 .
P r o soreject Hy.

Conclude that there iz evidence to suggest that the data cannot be modelled by
Poll 4
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Goodness of fit and contingency tables
Exercise B, Question 6

Question:

A marksman fires & shots at a target and records the number 7 of bull's-eves hit After
a series of 100 such trials he analyses his scores, the frequencies being as follows,

e 0 1 2 3 4 5 &
Frequency 0 26 26 20 10 fi P

a Estimate the probability of hitting a bull's-eye.
b Tlze a test at the 0.05 significance lewvel to zee if these results are consistent with

the assumption of a binomial distribution.

Solution:
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/ In part b this 12 1 restriction since a
- parameter has been estimated by

a F=24 n=6 calculation in order to find F.

mean =xp 24 =6xp
p=04

b Total frequency =100 «—

This 15 1 restriction.

H,: The data can be modelled by B(6, 0.4).
H,: The data cannot be modelled by B(&, 0.4).

6
E|X=Oi=IOUxP|X=U'I=1E]O><[ ]x0.4°><0.6‘5 =4 666
Y Poolto get £=5.

6
B X=11=100x P X=1 .—1oo>< w006 =18.662

&

ElA=2)=100xF| X—2|—1OD><[2

]x04 % 0.6' =31.104

6
E(X=31=100% 2 X—3._100x[3]x043x0 6 =27 648
. 6
E(X=41=100x P X=4 .—100><[4]><04 x0.6° =13.824 \
6
E(X=5)=100xP| X—ﬁu_mﬂx[i]xﬂdljxo 6! =3.6864 | Bookotget 23,
6
Bl X=61=100x P| ¥= 6|—100x[6]x04 % 06" =0.4096 y
x 1 or less 3 4 or more
O 26 36 20 18
B 23.328 31.104 27.648 1792

(26 -23.328)° L (36-31 104y* L (20~ 27648 N fi8=17:92)°
23.328 31.104 27,648 1792
ts (%) =319

Degrees of freedom =4 - 2'\
=2

Values found for 3* will vary according to the rounding you do. If possible

Test statistic | 3°) =

Hutmber of claszes after pooling,

Humber of restrictions.

wotl to the degree of accuracy of your calculation Mever worlk to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination,

critical value = % (5%)=5.991
7 <cv. so accept H,.

Conclude no reason to doubt the data can be modelled by Bi6, 0.4
There 1z no reason to reject H,.
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Goodness of fit and contingency tables
Exercise B, Question 7

Question:

The table below shows the number of employees in thousands at five factories and the
number of accidents in 3 years.

Factory A B c 5 5
Emplovees

{thousands) 4 3 5 1 9

Accidents a9 14 55 g >

TTsing a 0.05 significance level, test the hypothesis that the number of accidents per
1000 employees 15 constant at each factory.

Solution:

H,: The rate of accidents is constant at the facteries.

H,: The rate of accidents isn't constant at the factories.

Total number of accidents =81

Total number of employees = 153(thousand)

. mean rate of accidents = % = 5.4 (per thousand)

Thiz 15 1 restriction,

calculation of the mean rate.

Factary A ) S 5 E
9 22 14 25 8 12
) 216 16.2 7 =4 58

i 2 fiot 2 . 2
Tt |2 BRRL0), (160" . LH025108)

216

16.2

10.8

=154
Degrees of freedom =5-1=4

Values found for 3* will vary according to the rounding vou do. If possible

wotk to the degree of accuracy of your calculation. MNever work to any less than
the degree of accuracy in the question (at least one more place 15 a good 1dea).
L range of answers that encompass sensible degrees of accuracy would be
accepted in an examination

critical value = %4 (5% =9 488
¥ =cv. so accept e

Conclude there 15 no reason to doubt that accidents ocour at a constant rate at the
factories.
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Goodness of fit and contingency tables
Exercise B, Question 8

Question:

In a test to determine the red blood cell count 1n a patient's blood sample, the number
of cells in each of 80 squares 12 counted with the following results.

Number of
cells per 0 1 2 ] 4 3 6 i ]

square, x
Frequency, f 2 ] 15 18 14 13 ki 3 0

It 15 assumed that these will fit a Poisson distribution Test this assertion at the 0.05
significance lewel.

Solution:
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H,: The data can be modelled by a Poisson distribution.
H;: The data cannot be medelled by a Poisson distribution,

Total frequency = 20 %

This 15 1 restriction.

Mean =1 =345

r

The mean has been calculated so it
15 1 restriction.

]
E(X =0)=20xP(0) =80><[e'3'45><%J =2540 | +——Poclto get F's 5 or

more.

a5 345!
E( =1) = 80xP(1) =80x| ¢ x = | =8.762

Similarly E(2)=15.114,E(3) =17.381, E(4) = 14.991,E(5) =10.344
E(6)=5.948,E(7) = 2.931
E(8 or more) = 80— [E(0)+E(1)+---+E(T)]=1.989

The last 3 classes must be combined to get B to be 5 or more.

A 1 or less 2 3 4 5 & or more
8] 10 15 18 14 13 10
E 11.302 15.114 17.381 14,591 10.344 10 868

(10-11.302)° N (15-15.114)° & (10-10.868)°
11.302 15.114 10.868
ts | ¥ =0990

Test statistic | 3° | =

Values found for 3* will vary according to the rounding vou do. If possible

wotlk to the degree of accuracy of your calculation Mever worlk to any less than
the degree of accuracy in the question (at least one more place 13 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination

Degrees of freedom =6 -2 * Mumber of claszes after
=4 pooling.

critical value = % (5% =9 488
¥* <cwv. 5o accept H,

Conclude there is no reason to doubt the data can be modelled by a Poizson
distribution.
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Goodness of fit and contingency tables
Exercise B, Question 9

Question:

A factory has a machine. The number of times it broke down each week was recorded
over 100 weeks with the following results.

Numh_er of t'u_me-s 0 1 5 3 4 5
broken down
Frequency a0 24 12 9 ) 0

Tt 1z thought that the distribution 15 Poisson
a Give reasons why this assumption might be made.
b Conduct a test at the 0.05 lewel of sigmificance to see if the assumption iz

reasonable.

Solution:
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a PBreakdowns cccur singly, independently and at random. They occur at a constant
avetrage rate.

b mean =095 s0let A=0%95 = The mean has been calculated
so itz 1 restriction

H,: The data can be modelled by Po(0.95).

H;: The data cannot be modelled by Po(0.95).
Total frequency =100

+ This 15 1 restriction.
Total frequencies agree.

0
E(X=0)=100xP(¥ =O]=]UU>{E‘”5><%:|=38.6?4

s 058!
E(X =1)= 100xP(X =1)=100x| & ?* x ==

}=36.?4U

Similarly E(X =2)=17452, (X =3)=5526, E(X =4)=13125.

There 1z no need to go further, as further terms are extremely small.
Here we find ECY 15 3 or more) to get all the B's to be 5 or tmore.

X 0 1 2 3 or more
] 50 24 12 14
28,674 26,740 17.452 7.134

(50— 38,6747 L(24- 36,740 (12 ~17.452° = 134)°
22,674 26,740 17.452 7.134
ts (3°1 =160

Test statistic | 3° | =

Values found for 3* will vary according to the rounding you do. If possible

wotl to the degree of accuracy of your caleulation MNever work to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination,

e e Mutnber of classes after

Degrees of freedom =4-2 pooling.
_ 2 \

S 25’4 (5%4) =5.991 Humber of restrictions.
¥: =, soreject H,.
Conclude that breakdowns cannot modelled by Pol0.93),
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Goodness of fit and contingency tables
Exercise B, Question 10

Question:

In a lottery there are 505 prizes, and it is assumed that they will be uniformly
distributed throughout the numbered tickets. An investigation gave the following:

Ticket 1— | 1001—| 2001— | 3001— | 4001— | 5001— | 6001— | 7001—| 8001— | 9001—
number | 1000 | 2000 | 3000 | 4000 | 3000 | 4000 | 7000 | 8000 | 9000 | 10000
Frequency | 56 49 35 47 62 a8 44 52 al a0

TTzsing a suitable test with a 005 significance lewvel, and stating your null and
alternative hypotheses, see if the assumption 18 reasonable.

Solution:

H,: The prizes are uniformly distributed.
H,: The prizes are not uniformly distributed.

Total frequency = 505
05 *+——— | This 15 1 restriction, total

. Expectedfrequency for each class = o =305 frequencies agree.
. 2 i Z N ]
o Test statistic | f | = (06 =00) _|_':'4§I 50.5) e (50-50.5)
50.5 503 505
te (3°1=107

Values found for 3* will vary according to the rounding vou do. If possible
wotls to the degree of accuracy of wour calculation. Mever work to any less than
the degree of accuracy in the question (at least one more place 15 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination,

Degrees of freedom =10-1=9
critical value = %5 (5%) =16.919
7 <cw. so accept H,.

Conclude there 12 no reason to doubt that prizes are distributed uniformly.
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Goodness of fit and contingency tables
Exercise B, Question 11

Question:

Data were collected on the number of female puppies born in 200 litters of size 8. It
was decided to test whether or not a binomial model with parameters # =8 and
p=025 iz a suitable model for these data. The following table shows the observed

frequencies and the expected frequencies, to 2 decimal places, obtained in order to
carry out this test.

Numher | Observed | Expected

of number | number
females | of htters | of litters

] 1 073

1 9 6.25

2 27 21.88

3 46 R

4 4% K

5 35 T

) 26 21.88

7 5 6.25

2] 2 073

a Find the values of &, S and T

b Carty out the test to determine whether or not this binomial model is a suitable
otle.
State your hypotheszes clearly and use a 3% level of significance.

A alternative test might have invelved estimating p rather than assuming p=05

¢ Ezplain how this would have affected the test.

Solution:
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a B(E 05

Taotal frequency = 200 —

Thiz 15 1 restriction, total frequencies
agree.

g
E=200=P(X =3y=200x [ Jxﬂi 05 :|

13
R=4375

g ;
& = 200D =4y =200x % %0.5*%0.5
5 =54.69

[ 8
T =200xP{X =51=200x ) ><055><053:|

T =4375

b H,: E(5, 0.3)is asuitable model
H,: B(H, 0.5) 12 not a suitable model.

i 1or 2 3 4 5 & T or
fewer moTe

] 10 27 46 449 35 26 oh

£ 7.03 21.88 4375 54 69 43775 21.88 7.03

g

Fool the first 2 classes to
get B to be 5 or more.

Fool the last 2 classes to
get B to be 5 or more.

I 2
Test statistic | 3° | = (10-7.03) i

_ 2
(27-2188°

3 E=e)

7.03
tig [ =569

21.88

703

accepted in an examination,

Values found for ¥* will vary according to the rounding you do. If possible

work to the degree of accuracy of wour calculation. Mever work to any less than
the degree of accuracy in the question (at least one more place is a good idea).
A range of answers that encompass sensible degrees of accuracy would ke

Mumber of clazses after
./”/ pooling.

Degrees of freedom = ?—1\
=6

critical walue = 25 (5%) =10.645

¥ <cw. 50 accept H,

Cnly 1 restriction.

Conclude there is no reason to doubt the data could be modelled by B(E, 0.3,

¢ We would hawve to calculate the mean which would give an extra 1 restriction
This would reduce the degrees of freedom by 1 50 =23 The critical walue would

become 25 (5%) =11.070.

2 % .
¢ <cow. sono change in conclusion.
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Goodness of fit and contingency tables
Exercise B, Question 12

Question:

A randem sample of 300 football matches was taken and the number of goals scored
in each match was recorded. The results are given in the table below.

Number of 0 1 5 3 4 5 5 =
goals

Frequency X a5 #0 a6 a6 11 3 4

a  =how that an unbiased estitnate of the mean number of goals scored in a foothall
match 15 2.4 and find an unbiased estimate of the variance.

It 1z thought that a Fo1sson distribution might provide a good model for the number of

goals per match.

b State briefly an implication of a Poisson model on goal scoring at football
tnatches,

TTzing a Poisson distribution, with mean 2.4, expected frequencies were calculated as

followes:

Number of

goals
Expected 5 65.3
frequency

0 1 2 3 4 5 & 7

t 27 | 376 | 181 | P2 253

¢ Find the walues of s and £,
d  State clearly the hypotheses required to test whether or not a Podzzon distribution
provides a suitable model for these data.

In order to catry out this test the class for 7 goals is redefined az 7 or tnore goals.

e Find the expected frequency for this class.

The test statistic for the test in part d 18 15 6 and the number of degrees of freedom
uzed is 3.

f Explain fully why there are 5 degrees of freedom.

g Stating clearly the critical value used, carry out the test in part d, using a 5% level

-
of significance.

Solution:
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an_[U><33+1><55+2><80+3><56+4><56+5><11+6><5+T"><4]
[334+534804+364+56+114+54+4]
mean = 24 +— o |

a e

Thiz 15 1 restriction in part d

- 2
TTnbiased estimate of variance = 2426-300x2.4 —

24 ... {a Poisson situation

299
Ri=sein)
b Ttassumes goals are scored independently and at random, at a constant average
rate.
¢ Total frequency = 300 | This 15 1 restriction in part d.

1}
s=E(X=0)=300xP(X =0)= 3ooxle-“ x%} =272

2
t =E(X¥ =2)=300xP(X =2) =3UU><[&““ x%}=?8_4

d H, Pe(24) 15 asuitable model
H;:Po2.4) 1z not a suttable model

e Expected frequency for *7 or more goals’
= 300- [E(U) +E(DN+E(2+EDN+EA+E(D) +E(6)]
= 300—[2?_2+65_3+?8_4+62.7+ 3?_6+18_1+?_2]
=335

f Thiz expected frequency is less than 5 20 must be combined with E(Y =6) to
give the class “6 or more goals’ which now has expected frequency
724+35=10"7
We now have 7 classes after pooling and 2 restrictions so degrees of
freedom =7-2=13.

o Test statistic | p* | =15.6 | Given in the question.

critical value = % (5%) =11.070
7 >cv. soreject H,.

Conclude there 12 evidence the data cannot be modelled by Po (2. 4).

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise B, Question 13

Question:

A student of botany believed that mendiifolive uxniflorum plants grow in random
positions in grassy meadowland He recorded the number of plants in one square
metre of grassy meadow, and repeated the procedure to obtain the 148 rezults in the
table.

Number of 0 1 5 3 4 5 5 7 or
plants greater
Frequency 9 24 43 24 21 15 2 0
a Show that, to two decimal places, the mean number of plants in one square metre
13 2,29,
b Give a reason why the Poizzon distribution might be an appropriate model for
these data.

TTzing the Poizson model with mean 2.59, expected frequencies cotresponding to the
given frequencies were calculated, to two decimal places, and are shown in the table
below.

Number of 0 1 5 3 4 5 6 Tor
plants greater
Expected

: 1110 2876 | = 3215 | 2082 | 10765 | 4.65 £
frequencies

¢ Find the values of g and £ to two decimal places.
d  Stating clearly vour hypotheszes, test at the 5% level of significance whether or not
this Poisson model 18 supported by these data

Solution:
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[0x94+1x2d + 22434+ 303+ 42 214+ 5x 15+ 6% 2]

[94+24+434+34+214+15+4 2]
mean = 2.5878._.

a  meatn =

mean = 2.5% (2dp} 4——— | Thiz iz 1 restriction in part d

b It iz assumed plants ccour at a constant average rate and ocour independently and
at random in the meadow

Total frequency =145 #—— | Thiz is 1 restriction in part ¢

-

a0 e
s=E(2) =148xP(X¥ =2)=148x| e x 5

S5 =3724 (2dp)
¢t =148-[11.10+ 28.76+37.24 +32.15+ 20.82 + 10,78+ 4.65]

f =250
d H, Po(25%) is a suitable model.
H,:Fo(2.55) 1z not a suttable model
x 0 1 2 3 4 5 & or
more
] 9 24 43 34 21 15 2
E 11.10 28,76 37 24 32,15 20 52 10778 715

Pocl the last 2 classes to get & to
be 5 or more.

2 2 2
(9-11.10% +(24—28.76) +___+(2—?.15]|
11.10 2876 715

sl g4 =55

Test statistic | 77| =

Values found for 3° will vary according to the rounding vou do. Ifpossible

work to the degree of accuracy of your calculation. MNever work to any less than
the degree of accuracy in the question (at least one more place 15 a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted 1n an examination.

*______.____._.—-—‘—" Mumber of classes after pooling,

Degrees of freedom T-2 q\
= 5

Mumber of restrictions.

critical value = 2 {(B%)=11.070
¥ <. 5o accept H,
Conclude there 12 no reason to doubt the data can be modelled by Po(2 .59

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise C, Question 1

Question:

The diameters of a random sample of 30 mass-produced components were measured
by checking their diameter with gauges. Of the 30, 18 passed through a 4.0 mm gauge
and of these & failed to pass through a 3.5 mm gauge. Test the hypothesis that the
diameters of the components were a sample of a normal population with mean
3.8 mm and standard deviation 0.5 mm. Tse a 5% significance level for your test.

Solution:
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H,: The data can be modelled by M7(3.8,0.5%).
H,: The data cannot be modelled by BI(3.8, 0.5,

x x<35 35=x<40 x=4.0

*— You need to put the
0 12 & 12

given data into a table
as shown first

Total frequency =30 #—— Thig iz 1 restriction.

R CEL L AT TN\
0.5 / W
_@40-38) / .9 /
gy=i— =04 P \_ / \_
3.5 1.8 ER, 4.0
2 -+ )5 —= Z
s ()5 —=

CP(X <35) =D(-0.6)=02743
50 B(X <35 =30%0.2743=58.229
P(35<x<4.0) =D (0.4)— D (-0.6)
= 0.6554—0.2743
=0.3811
CE(3S5=x=40) =30%0.3811=11433
L E(X = 4.0) =30 -[8.229+11.433]=10.338

4 The total frequency must total 30.

x x< 35 35=2x <40 =40

0 12 6 12

E 5.229 11.433 10.338
_(6-82290°  (12-11433)°  (12-10.338)°

Test statistic | 3% =

8229 11.433 10.328

ta (3% =0899

‘———'_’_—'_Al.__—/_'_.—l FMumber of classes.
Degrees of freedom =3-1%"—ou__ = |

=2

HMumber of restrictions.

Values found for 7* will vary according to the rounding vou do. If possible

wotle to the degree of accuracy of your caleulation Mever waork to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination.

critical value = 23 (%) =5.991
¥ <cw. soaccept H,
Cenclude no reason to doubt the data could be modelled by M(3.8,0.5%).
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Goodness of fit and contingency tables
Exercise C, Question 2

Question:

An egg producer takes a sample of 150 eggs from hiz flock of chickens and grades
them into classes according to their weights as follows.

Class 2 3 4 5 &
Weight H6—70 £1—65 S6—60 51-35 46—30
Frequency 10 32 &7 29 12

Dipes this distribution fit a nermal distribution of mean 58 g and standard deviation
4 g7 TTze a 3% significance lewvel for your test

Solution:
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H,;: The data can be modelled by M58, 4.
H,: The data cannot be modelled by M58, 4%,

Total frediiencr =150 A rrr=r=-

This 15 1 restriction.

- Expected
Class & T Pla=X =& frequency
(rounded (&)
B b walues)
<455 -3.13 1-0.9991=00009 0.135
455 50.5 -1.88 =0.0281 4 265 }

505 55.5 —0.63 =02343 35.145
555 60.5 063 07357 -02643=04714 | 70710
605 £5.5 1.88 0.9700—07357=0.2343 | 35145
655 705 313 0.9991-0.9300=0.0291 4 265
=705 1-0.9591=0.0009 0135

Page2 of 3

Thesze = classes
must be pooled to
get B tobe 5 oor
mote.

These 3 classes
must be combined
to get Htobe D or
tnore.

The Z-zcores are symmetrical for the classes so we can deduce the probabilities for the
first 3 classes since they are the same as for the last 3 classes. This 15 also true for the
expected frequencies.

Class S5 5 orless | 555t0 6550 655 or
more
o 42 67 41
£ 39 645 70,710 39 645

Test statistic | 3% | =

2
(42-39.6457

2
(67-70.710"

(41-39 645y

39,645

F0°710

39,645

ta 3°) =0.381

Values found for I will vary according to the rounding vou do. If possible
wotle to the degree of accuracy of your caleulation. Mever waork to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass senstble degrees of accuracy would be
accepted 1n an examination.

A 2t walue in the range 0. 28-0 3% would be accepted.

| Number of classes after pooling.
-—
Degrees of freedom =3-1 #—0_

_‘_\_‘_'_‘—'—-—._
=2
Critical value = % (5%)=5.991
¥ <cw. so accept H:

Conclude no reason to doubt the data could be modelled by (58, 4%).

Mumber of restrictions.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise C, Question 3

Question:
A sample of 100 apples 13 taken from a load The apples have the following
distribution of sizes,

Dismster | s || # 2 9 =10

(cn)

Frequency ] 29 38 16 9
It 1z thought that they come from a normal distribution with mean diameter of 8 cm
and a standard dewviation of 0.9 cm Test this assertion using a 005 lewel of

significance.

Solution:
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H,: The data can be modelled by (8, 0.9%).
H,: The data cannot be modelled by (8, 0.9%).

Total frequency =100 <

Thiz 13 1 restriction.

Page2 of 2

These classes must
ke pocled to get all
the B s to be 5 or

INore.

Class - £
s Plas X =k)
2 E (rounded walues)
=65 —1.67 00475 475
.5 ] —.56& 02402 24.02
] 2.5 0,56 0.7123-02877=04246 | 4246
2.5 B3 1.67 09525 -07122=02402 24.02 }
=95 1-0.9525=0.0475 475

Same here.

Because the Z-scores are symmetrical we can fill in the probabilities for the first two
classes with the values from the last 2 classes. We can do the same with the &'s.

Class 7 or less 2 9 or
more

] 37 38 25
o) 28,77 42 46 2877

(37— 2877 x (38— 42 467 " (25-28.77°
2877 42.46 2877
=73732

Test statistic | 3° | =

Walues found for e will vary according to the rounding wvou do. If possible
wotle to the degree of accuracy of your caleulation. Mever waork to any less than
the degree of accuracy in the question (at least one more place i3 a good idea)
A range of answers that encompass sensible degrees of accuracy would be
accepted 1n an examination.

7 values accepted in a range 3 2-3.33.

— | Mumber of clazses after pooling,
Degrees of freedom =3-1

critical value = % (5%) =5.991
¥ <cw. so accept H:
Conclude no reason to doubt the data could be modelled by N(8,0.5%).

Eestriction.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise C, Question 4

Question:

A shop owner found that the number of cans of a particular drink sold per day during
100 days in sutnmer was as follows,

Drinks per day, & 0- 10— 20— 30— 40—
Frequency of & 10 24 45 14 7

It 1z thought that these data can be modelled by a normal distribution.

a Estimate values of & and & and conduct a goodness of fit test using 1%
significance lewel

b Explain how the shopkeeper might use this model.

Solution:

PhysicsAndMathsTutor.com
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a —
Wid-interval 5 15 35 25 45
value
Frequency 10 24 45 14 :
mean =X = 234 e 4 (Get these directly from the
standard deviation = 5 =10222 calculator

Total frequency =100 —

T {This iz 1 restriction,

Because the mean and standard dewiation have been estimated by calcuiation they give a
further 2 restrictions. Here we have 3 restrictions in total.

H,: The data can may be modelled by M22.4,10.222%) .
H,: The data cannot may be modelled by N(22.4,10.222%) .

Class A=
BT Pla< X <& E
N b (rounded wvalues)
=10 —131 0.0951 8.51 Mo pooling needed
0 20 033 03707 0.0951= 02756 | 2756 |z all the & ¢ ave &
20 30 065 07422 03707= 03715 | 3715 | s soore.
30 40 1.62 09474 — 07422 =02052 20.52
=40 1-0.59474=0.0526 5.26
Class =10 10— 20— 20— A0 or more
& 10 24 45 14 7
E 851 27.56 37.15 20.52 5.26

2 2 2
(10-5251) +(24—2?.56) +___+(T"—5.26)
251 2156 526

ts | 7%] =479

Test statistic | 37| =

Walues found for r will vary according to the rounding vou do. If possible
wotk to the degree of accuracy of your calculation. MNever worlt to any less than
the degree of accuracy in the question (at least one more place 15 a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination.

e values between 4.7% and 4.94 accepted.

/ Mumber of claszes.

=5— 3..‘
-5 | Mumber of restrictions.

Degrees of freedom

critical value = 25 (19%4)=29.210
¥ = owv. so accept H,

Clonclude no reason to doubt the data could be modelled by 1(23.4,10.222%).

b The shoplkeeper could use it to work out the mazimum number of cans of the drink
they need to keep in stock in order to cope with demand.
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Goodness of fit and contingency tables

Exercise C, Question 5

Question:

An outfitter sells boys' raincoats and these are stocked in four sizes.
size 1 fits bovs up to 1.25 m 10 height. Size 2 fits boy from 1.26 to 1.31 m. Size 3 fits
boys from 1.32 to 1.37 m. Size 4 fits those over 1.38 m. To assist the outfitter in
deciding the stock lewvels he should order each wear, the heights of 120 boys in the
right age range were measured with the following results,

It 1z suggested that a suitable model for these data 12 N{1.32, 0.0016).

a Conduct a goodness of fit test using a 2 %% significance level

Height, &(m) 1.20-122 | 1.25-1.25 | 1.26—1.26 | 1.29-1.31 1.32-1.34
Frequency of % 9 9 18 23 20
Height, &(m) 1.35-1.37 | 1.383-1.40 | 1.41-1.43
Frequency of % 15 17 3

b Estitnate walues of & and & using the observed walues and using these conduct a

goodness of fit test using a 2 %% significance lewvel

¢ Zelect the best model and usze it to tell the outfitter how many of each size should

ke ordered per vear if the normal annuval sales are 1200,

Solution:
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a  H,: The data can be modelled by M{1.32, 0.0016).
H,: The data cannet be medelled by (1,32, 0.0016),

Here the variance = 0.0016 zo the standard dewiation =-/0.0016 =0.04

te a=0.04
Class b 5
8T Pla<X <k
A A {rounded values) Pool to get Z to
=1.225 —2.38 0.000% 0,108 be 5 or more.
1.225 1.255 —1.63 0.0516-0000%=0.0507 | &084
1.255 1.285 —0.88 01854 -0.0516=0.1375 | 165364
1.285 1.315 —0.13 04483 -0.18%4 =0.258% | 31068
1.315 1.345 0.63 07357 -04483=02874 | 31488
1.345 1.375 1.38 0.8162-07357=0.1805 | 21660
1.375 1.405 2.13 09834 - 0.5162=00672 | B.064 g b
=1405 1-0.9834=00166 1992 Fe EE
Total frecuency =120 +——This 15 1 restriction.
Class 1.25 or 126128 | 1.29-1.31 | 1.32-1.34 | 1.35-1.37 1.38 or
less mote
0 18 18 23 20 19 22
E 6,192 16,536 21.088 21488 21680 10,056
2 2 2
Thsraatizne = (15—-6.192) ol (15-16.536) +___+(22 10,0563
£.192 16.536 10.056
ts. [ 3°1=434
Walues found for 7 will vary according to the rounding vou do. If possible
wotk to the degree of accuracy of your calculation Mever work to any less than
the degree of accuracy in the question (at least one more place 13 a good 1dea).
A range of answers that encompass senzible degrees of accuracy would be
accepted in an examination.
z values in the range 43.35 to 44.4 accepted.
‘//_,./‘ Humber of classes after pooling.
Degrees of freedom = 6-1
e i Humber of restrictions.
critical value = % (21%) =12.833
¥ > cv. soreject H,.
Conclude the data cannot be modelled by H{1.32, 0.0016).
b
WMid- 1.21 1.24 1.27 1.320 132 1.36 1.3% 142
interval
value
Frecquency 9 9 18 23 20 19 1% ]

Mean =1.3165= 1 This gives 3 restrictions in
standard derivation =s=0.0569=7 total.

Total frequency =120
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H,: The data can be modelled by N(1.3165,0.0569%).
H,: The data cannot be modelled by D{1.31635, 0.056%%).

Page3 of 4

Class - -
o Pla=X =) £
2 b {frounded values)

=1225 -141 00537 & 444

1.225 1259 -1.08 0.1401-0.0537 =00864 | 10368

1.255 1.285 —0.55 02912-0.1401=0.1511 | 18132

1.285 1.215 —0.03 04320 -02%12=01268 | 236164

1315 1345 0.50 06915-04880=02035 [ 24 420

1.345 1.275 1.03 08485 -06915=01570 [ 1£.840

1.375 1.405 1.56 09406 —-0.8485=00%21 | 11.052

=1.405 1- 02406 =0.05%4 7128

Class 122 er| 1.23— 1.26— 1.259— 132— [iase 1.38— 141 or

less 1.25 1.28 131 1.34 1.37 1.40 rore

@] 9 9 138 23 20 19 17 3
) & 444 10368 | 18132 [ 23616 | 24420 [ 18840 | 11.052 | 7 128

(9— 6.44°  (9-10.368)° (SLgoey
+ o —_—
6444 10 368 7128
ts (7% )=585

Test statistic | p* | =

Walues found for T will vary according to the rounding you do. If pozsible
wotl to the degree of accuracy of your calculation. Mever worlk to any less than
the degree of accuracy in the question (at least one more place is a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination,

Izcan ke in range 578 to 585,

Degrees of freedom = 8-3
=3
critical value = 25 (25%) =12.832
7 <cv. 5o accept H,
Conclude no reason to doubt the data could be modelled by N(1.3165,0.056%%) .

¢ The outfitter should uze the model in part b because it is based on the
experimental evidence.

If normal annual sales are 1200 (this 1z 10 times what i1z in the model so multiply
the B's by 107 s'he should order

size 1 (6444 +10.368) = 10 Le 163 Those will vary

Size 2 (18132423 616110 1e 417 according to the answers
Size I (244204183400 =10 1e 433 in part b.

Size 4 (11052471283 =10 re 182
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Goodness of fit and contingency tables
Exercise C, Question 6

Question:

A hamster breeder 15 studying the weight of adult hamsters. Each hamster from a
random sample of 50 hamsters 15 weighed and the results, given to the nearest g, are
recorded in the following table.

Weight (g} | 5594 | 95-99 | 100-104 105-109 | 110-119
Frequency & G 17 14 4

a  =how that an estimate of the mean weight of the hamsters 15 102 g

The breeder proposes that the weight of an adult hamster, 1n g, should be modelled by
the random wvariable W hawving a normal distribution with standard dewviation 6 The
breeder fits a normal distribution and obtainz the following expected frequencies.

W =045 | 8452905 | 205« 21045 | 104 5= <1095 | W =108.5

;EXF’E’“E’d P 11.64 8 11.64 ¢
requency

b Find the walues of r, 5 and £.

¢ Stating your hypotheses clearly, test at the 10% lewel of significance whether or
not a normal distribution with a standard dewviation of 6 15 a suitable model for

Solution:
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Whid-interval 89.5 a7 102 107 1145
value
Frequency & 9 17 14 4

[6x82.5+9x57+17x102+14x107 +4x114.5]
[6+9+17+14+4]

meat =

mean = 102 #—— This iz 1 restriction in part c.

b Total frequency =50 #——— Thig iz 1 restriction in part ¢.

a==6 given #——| Thiz iz #o¢ arestriction since an estimate of it
1zn1't calculated,
84 5-102 A
21=¥=—1.25 / b
& S 3
e _.-"r. .1'\_
- (99.5-102) . \
= (104.5-102) .45 NI % zi
945 995 102 104.5109.5
= {(109.5-102) _195 -— 5 —»
&
(=B =109.5)=50x[1-D{1.25)]=50x[1-08244] =5 28
50 =528
and from symmetry (because the Z-scores are symmetrical)
F=2523
and S=5Cl—[5_28+11_64+11_64+5.28]
so s=1616
¢ H,: The data can be modelled by D{10Z, 6.
H,: The data cannot be modelled by (102, 6%
Class | W =945 | M5 =085 | 925<WF=1045 | 1045<F 21085 | #F=1095
& & 9 17 14 4
£ 5,28 11.64 16,16 11.64 0,28
2 2 2 2 2
TeERel = (6—52EY (9-1164 (17-16.16) (14-11.64° (d4-528)
5.28 11.64 16.16 11.64 5.28
tes [of] =153

/ HMumber of classes.

Degrees of freedom =5-2=3

“_i_h""'--_

Mumber of restrictions.

Critical value = 25 (10%) =6.251
7 <cov. so accept H,.
Conclude no reason to doubt the data could be modelled by N(102,6%) .
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Goodness of fit and contingency tables
Exercise C, Question 7

Question:

A hamster breeder is studying the weight of adult hamsters. Each hamster from a
randem sample of 30 hamsters iz weighed and the results, given to the nearest g, are
recorded in the following table,

Weight {g) | 5594 | 9559 100-104 105-102 110-11%
Frequency & 9 17 14 4

a  show that an estimate of the mean weight of the hamsters is 102 g

The breeder proposes that the weight of an adult hamster, in g, should be modelled by
the random wariable W hawving a normal distribution with standard dewiation 6 The
breeder fits a normal distribution and obtains the following expected frequencies.

W =845 | 945<F =335 | 335« =1045 | 1045<W <1085 | W =109.5

e , 11.64 s 11.64 :
frequency

b Find the values of 7, 5 and &.

¢ Stating wour hypotheses clearly, test at the 10% level of significance whether or
not a normal distribution with a standard dewviation of & 15 a suitable model for W

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics &

Wid-interwval 895 9 102 107 114.5
value
Frequency ] 9 17 14 4

[6><89.5+9 *IT 17 %102 +14=107 +4><1]4.5]

meat =

mean = 102

b Total frequency =50 <——| This iz 1 restriction in part c.

a=+#h given

[6+9+17+14 +4]

#——| Thiz iz 1 restriction in part ¢,

-—

94.5-102

Z = AR08 o s
6

7, = (99.56—102) e

7= (104.56—102) o

4

, _ (1095-102)

5

This 15 #of a restriction since an estimate of it
15n't calculated.

t 1 . $ 1
AT A A
945 G95 102 1045 109.5

- fy —=

t=E(F >109.5)=50%[1- D(1.25)] =50 %[ 1- 0.8944] = 5.28

so E=528

and from symmetry (because the Z-scores are symmetrical)

r=2528

atd s=50—[5.28+11.64+11.64+5.28]

o s=16.16

¢ H,:The data are from {102, 6%
H;: The data aren't from {102, 64,

Class | W =945 | 3452 20805 | 8952 =1045 | 104.5=WF 210985 | F =108.5
& 3] 9 17 14 4
) 5.28 11.64 16.16 11.64 528

Test statistic

Degrees of freedom =5—-2=3

Page2 of 3

_ 2 - 2 i 2 | ] v 2
_(6-528° @-1le4? (17-1616° (14-11.64° (4-528)

5.28

t.s. =1.53

11.64

1616

Humber of classes.

11.64

Fumber of restrictions.

Critical value = % (10%) =6.251
te = cv soaccept Hy.
Conclude no reason to doubt the data could be from MN(102, 6%) .
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Goodness of fit and contingency tables
Exercise D, Question 1

Question:

When analysing the results ofa 3% 2 contingency table it was found that

s (0 -V
E¥=2-38

=1 i

Write down the number of degrees of freedom and the critical walue appropriate to

these data in order to carry outa 3* test of significance at the 5% level

Solution:

v=2, B (5%) =599

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

E

Pagel of 1



Heinemann Solutionbank: Statistics &

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Goodness of fit and contingency tables
Exercise D, Question 2

Question:

Three different types of locality were studied to szee if the ownership, or non-

_ . : B
ownership, of a television was or was not related to the locality. Z% was
1
evaluated and found to be 131 Using a 5% level of significance, carry out a suitable
test and state your conclusion.

Solution:

H,: Ownership 1z not related to locality,

H,: Ownership is related to locality.

Test statistic 3 =131

Degrees of freedom = (3-11={2-11=2
critical value = 4 (5%) =5.991

2 =, soreject H,

Coniclude there iz evidence that ownership of a telewvision is related to the locality.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise D, Question 3

Question:

In a college, three different groups of students sit the same examination. The results
of the examination are classified as Credit, Pass or Fail. In order to test whether or not
there i a difference between the groups with respect to the proportions of students in

_Fe
the three grades, the statistic S% 1z evaluated and found to be equal to 10,28,
1

a Explain why there are 4 degrees of freedom in this situation.
b Using a 2% level of significance, carry out the test and state your conclusions.

Solution:

a Degrees of freedem =C3-11x(3-11=4

b H,: There iz no association between the group and the results,
H;: There 15 an association between the group and the results.
Test statistic = 10,25
critical value = ¥ (5%) = 9,488
¥ >ow. soreject H,.

Conclude there 15 evidence of an association between the groups and the exam
results they achiewve.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise D, Question 4

Question:

The grades of 200 students in both Mathematics and English were studied with the
following results.

English grades
A Vil C
_ 5 28 12
M::lli 33 45 16
B ce 12 12 14

TTeing a 0.05 zignificance level, test these results to zee if there is an association
between Englizsh and MWathematics results. State vour conclusions,

Solution:
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H,: There is no association between Mathematics and English results.

H,: There 15 an association between Mathematics and English results,

Englich grades
A ¥ 8 Total
Observed frequencies [—» Maths A 17 28 18 63
grades B 38 45 16 29
Z 1e 12 14 a8
Total &7 2] 438 200

Ezpected frequency Maths 4 and English 4

s O3 X0 mmiie

English Grades
A bt [
Maths A 21105 | 26775 | 158120
grades B 33.165 | 42075 | 23760
C 12730 16150 | 9120

Expecied frequencies [*

o 2 s 2 I a
Test sttistic ( ) = (7=211097 | @8-267757 (14-9.120"

21108 26.775 9.120
ts | 77| =857 (or 8.56)

Degrees of freedom = (5-11x(3-11=4

Walues found for ¥ will vary according to the rounding you do. If possible
wotlk to the degree of accuracy of your calculation. Mever work to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination,

critical value = 2 (5%) =9.488
¥* < v so accept Hij:

Conclude there 1z no evidence of an association between Mathematics and
English results.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables

Exercise D, Question 5

Question:

The number of trains on time, and the number of trains that were late was observed at
three different London stations. The results were:

Observed frequency

On fime Late
A 26 14
Station b 30 10
[y 44 26

Using the 3* statistic and a significance test at the 5% level, decide if there is any

association between station and lateness.

Solution:
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H,: There is no association between station and lateness.

H,: There 15 an association between station and lateness.

Cn Late | Total
Time
A 26 14 40
, Station B 30 10 40
Observed freguencies [—* 5 a2 56 =0
Total 100 al 150
Ezpected frequency “On time” and “station A’
- J0xI00,_ Stise’ enioe s
130 3
Cla Timme Leia
A 26,666 12,323
: b
Erxpecied frequencies SHiviag Z AT 13333
5 46,666 23.333

Test statistic | 3° | =

26,666

(R o = S B

Degrees of freedom = (2-11x(2-1)

=2

13333

(26-26.666)°  (14-13.333)° (26 - 23.333)°
+ 4o T
23.333

accepted 1n an examination

Walues found for 7 will wary according to the rounding you do. If possible
wotk to the degree of accuracy of your calculation Never worlk to any less than
the degree of accuracy in the question (at least one more place 15 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would be

critical value = 25 (5%) =5.991

¥ < v so accept Hes:

Conclude there 15 no evidence of an association between station and lateness.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise D, Question 6

Question:

In addition to being classed into grades &, B, C, D and E, 200 students are classified
as male or female and their results summarized in a contingency table. Assuming all

o —E )
expected values are 5 or more, the statistic Z% was 14.27.
1

Stating wour hypotheses and using a 1% significance level, investigate whether or not
gender and grade are associated.

Solution:

H,: There is no association between gender and grade.
H,: There 1z an association between gender and grade.
Test statistic 3° = 14.27
Degrees of freedom = (5-11x{2-11=4

critical value = % (1%) =13.277
Y2 = cv. soreject H,

Conclude there 15 evidence of an association between the gender of the student
atd the grade achiewved.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise D, Question 7

Question:

In arandom sample of 60 articles made in factory A, 8 were defective. In factory B, &
out of 40 zimilar articles were defective,
a Draw up acontingency table.

b Test at the 0.05 significance level the hypothesis that quality was independent of
the factory involved.

Solution:
a
Factary
A B Tatal
OF 52 24 86
Observed frequenciss [T® | Defective 8 & 14
Total &0 40 100
b H,: quality 15 independent of factory,
H,: quality 1sn't indep endent of factory.
S ... BE=60
Expected frequency "OK” and "4A” = =516
A B
Expected frequencies [—F () al.6 24 4
Dafeciive 8.4 9.6

N 2 2 2 i 2
_(52-516f (34-3447  (6-56)

516 344 56
= 0.0554

Degrees of freedom = (2-11x(2-11=1

Test statistic | 7° |

Walues found for e will wvary according to the rounding wou do. Ifpossible
wotl to the degree of accuracy of your caleulation MNever work to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination,

critical value = 3 (5%)=3.841
¥ < v so accept H,.

Conclude there 12 no reason to doubt that quality 12 independent of factory.

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise D, Question 8

Question:

During an influenza epidemic, 15 boys and 8 girls became 11l out of a class of 22 boys
and 28 girls. Assuming that this group may be treated as a random sample of the age
group, test at the 3% significance level the hypothesiz that there is no connection
between gender and susceptibility to influenza

Solution:
Bovs irls | Total
Observed frequencies [—* | Fiy 15 ] 23
MNo Flw |7 20 27
Total 22 28 a0

H,: There iz no association between gender and susceptibility to influenza.

H,: There iz an association between gender and susceptibility to influenza

Ezxpected frequency "Boy and ‘Flu’ = e =1012
Bays firls
Expecied frequencies | | Flu 1012 | 12,88
No Fiu 11.88 [ 1a.12

(15-10.12) (8-12.88)* (20-15.12)°
= + +---+
10.12 12.88 15.12
pig, epili=pae

Degrees of freedom = (2-1x{2-1)=1

Test statistic | 2°|

Walues found for s will vary according to the rounding yvou do. If possible
wotk to the degree of accuracy of your calculation. MNever worl to any less than
the degree of accuracy in the question (at least one more place 15 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination.

critical value = 4 (5% =35.591
¥ = ov. soreject H,

Conclude there 15 evidence of an association between gender and susceptibility to
influenza.

Iore boys were observed to catch flu than would be expected and fewer girls were
ohzerved to catch flu than would be expected so it appears bovs are more susceptible
to flu.
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Goodness of fit and contingency tables
Exercise D, Question 9

Question:

In a study of marine organisms, a biologist collected specimens from three beaches
and counted the number of males and females in each sample, with the following
results,

Beach
A B &
Tender | Male 46 20 40
Fepale 54 120 160

TTzing a significance level of 5%, test these results to see if there is any difference
between the beaches with regard to the numbers of male and female organisms.

Solution:
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H,: There is no association between gender and beach.

H,: There 15 an association between gender and beach,

Beach
A £ [ Total
_ Aaie 46 20 40 166
Observed frequencies [~ | copior [Fomals | 54 | 120 | 160 | 334
Total 100 [ 200 | 200 | 500
Expected frequency ‘male’ and “A° = % =332
A B o

Expected frequencies [® Mals 332 6 4 664
Female | 668 1336 | 13346

(46-332) (80— 66.4)° (160 —133.6)°
+ oot
332 £6.4 1238
b Lpi)=003

Degrees of freedom = 2-1)x(3-11=12

Test statistic | 3° | =

Walues found for 2 will vary according to the rounding vou do. If posaible

wotk to the degree of accuracy of your calculation. Mever work to any less than

the degree of accuracy in the question (at least one more place 15 a good 1dea).
A range of answers that encompass sensible degrees of accuracy would be

accepted 1n an examination.

critical value = % (5%) =5.991

7 = cov. soreject H:

Conclude there 12 evidence of an association between the gender of the organism and

the beach on which 1t 15 found.
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Goodness of fit and contingency tables
Exercise D, Question 10

Question:

A research worker studying the ages of adults and the number of credit cards they
possess obtained the results shown below,

Mumbar af cards
=3 =3
Age < 30 74 20
=30 a0 35

Use the 3* statistic and a significance test at the 5% level to decide whether or not
there iz an association between age and number of credit cards posszeszed, K

Solution:
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H,: There is no association between age and number of credit cards.

H,: There 15 an association between age and number of credit cards.

MNumbar of
coreds
=3 =3 | Total

<30 | 74 20 24
Observed Frequencies [® Age [230 a0 25 a5

Total | 124 35 179

_ 94%124

Expected frequency "= 307 and " =37 = 179 =&5117

=3 =3
Erxpecied Frequencies [—® =30 | 65117 | 28 885
=30 | 58.883 | 26.117

s 2 s 2 » 2
TR ) (F4—65.117 @ (20— 28883 +...+(35 26117

£3.117 28.883 26.117
=8.31{or .30 direct from cal culator)

Degrees of freedom = 2-11x(2-11=1

Walues found for P will vary according to the rounding you do. If pozsible
wotl to the degree of accuracy of yvour calculation. Mever work to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an ezamination,

critical value = X (5%) =3.841

2 &
¥ row soreject Hy
Conclude there 1z evidence of an association between age and number of credit cards
possessed.

Ilore people over 30 were cbserved to carry 3 or more cards than would be expected
and more people under 20 were observed to carry fewer than 3 credit cards than
would be expected.

Clder people are more likely to possess more credit cards than are younger people,
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Goodness of fit and contingency tables
Exercise E, Question 1

Question:

The random variable ¥hasa 3* distribution with 10 degrees of freedom. Find y such

that P(¥ < y)=0.99.

Solution:

23.209
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Goodness of fit and contingency tables
Exercise E, Question 2

Question:

The random wariable & haz a chi-squared distribution with & degrees of freedom. Find

x such that P{X = x)=0.05.

Solution:

15.507
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Goodness of fit and contingency tables
Exercise E, Question 3

Question:

Az part of an investigation into wisits to a Health Centre a 5% 3 contingency table was
constructed. & ° test of significance at the 5% level is to be carried out on the table.

WWrite down the number of degrees of freedom and the critical region appropriate to
this test. E

Solution:

Degrees of freedom =51 xi=2-1j
=8
Critical region is 2° = 15 507

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise E, Question 4

Question:

Data are collected in the form ofa 4 x4 contingency table.
To carry outa ° test of significance one of the rows was amalgamated with another

il
row and the resulting value of 2 @ calculated.

Write down the number of degrees of freedom and the critical value of 7
approptiate to thiz test assutning a 3% significance level E

Solution:

Amalgamation gives a 3x 4 contingency table

Degrees of freedom =(2-11x(4-1]
=6
critical value = 22 (5%)
=12.592

© Pearson Education Ltd 2C
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Goodness of fit and contingency tables
Exercise E, Question 5

Question:

A new drug to treat the common cold was used with a randomly selected group of
100 wolunteers. Each was given the drug and their health was monitored to see if they

caught a cold A randomly zelected control group of 100 volunteers was treated with
a duminy pill. The results are shown in the table below.

Cold No cold

Drug 34 &6
Daraany
Pill 45 55

TTzing a 2% significant lewvel, test whether or not the chance of catching a cold is
affected by taking the new drug State your hypotheses carefully. E

Solution:
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H;: There 15 ne association between catching a cold and taking the new drug

H,: There 15 an asscciation between catching a cold and taking the new drug,

Cold | MNocold | Total
Obzerved frequencies [ % Drug 34 66 100
Dhsrmsmy 45 55 100
Total 79 121 200
Expected frequency "Drug and ‘cold” = 102;0?9 =395
Tl Na eald
Expecied Frequencies [ * Drug 3959 605
Dy 285 605

Test statistic | 7% =
39.5

e EPthEniss
Degrees of freedom =(2-10=(2-11 =1

&0.5

60.5

2 2 2 2
_ (34-35.5) +(66—60.5) +(45;93§.5) +(55—5o.5)

accepted in an examination,

Walues found for 7 will vary according to the rounding vou do. If possible
wotle to the degree of accuracy of your caleulation MNever waortl to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would be

critical value = & (5%) =3.841

2
¥° =eow. soaccept Hy.

Conclude there 1z no evidence that there 15 an association between catching a cold and
taking the new drug It appears taking the new drug doesn’t affect the chance of a

person catching a cold.
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Goodness of fit and contingency tables
Exercise E, Question 6

Question:

EBreakdowns on a certain stretch of meotorway were recorded each day for 80
consecutive days. The results are summarised in the table below.

Mumber of
brealcdowns 1 2 =2
Frequency 28 32 10 0

It iz suggested that the number of breakdowns per day can be modelled by a Poizson
distribution

Tzing a 5% significant lewel, test whether or not the Potzson distribution 15 a suitable
model for these data. State your hypotheses clearly. K

Solution:
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H,: The data can be modelled by a Poisson distribution.

H,: The data cannot be modelled by a Poisson distribution.

Total frequency = &0

E(3 or more) = 80—-[41.764 + 27.146+8.823] = 2.267

tneat = f=0.65hﬁh

Sy

[ s y 0.65" |

E(0) =80 %P(0) = 80x| ¢
E(1) =20xP(1)=80%| &

E(2) = 20xP(2) = 80%| &

]

Thiz 15 1 restriction (total frequencies agree )

Thiz 1z 1 restriction {calculation of estimate of parameter.)

et this directly from your calculator.

o

e 0.65

11

a5, 0.65

21

Class 0 1 2 or mote
0 33 32 10
o 41764 | 27146 11.0%

Test statistic | 3|

_ (33-41.764)°

=41.764

=27 146

=3.823 *—— Pool these classes to getall

the &'z to be 5 or more.

2 2
+(32—2?.146) +(10—11.r:19)

41.764

ts (¥ 1=131

e e

Degrees of freedom =3-251

27146

11.09

Humber of claszes after pooling,

Mumber of restrictions.

Walues found for 7 will vary according to the rounding you do. If possible
worlk to the degree of accuracy of yvour calculation. Mever work to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination,

Critical value = % (5%) = 3.841

7 <cw. so accept H,.

Conclude there 12 no reason to doubt that the data can be modelled by a Poizson
distribution.
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Goodness of fit and contingency tables
Exercise E, Question 7

Question:

A survey in a college was commissioned to investigate whether ot not there was any
association between gender and passing a driving test. & group of 50 males and 30
females were asked whether they passed or failed their driving test at the first attempt.
All the students asked had taken the test. The results were as follows.

FPass Fail
Male 23 27
Female 32 15

Stating your hypotheses clearly test, at the 10% lewel, whether or not there is any
evidence of an association between gender and passing a driving test at the first
attempt. E

Solution:
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H,: There is no association between gender and passing a driving test “first time’.

H,: There 15 an association between gender and passing a driving test “first time’,

Fasz | Fail | Total
AMale 23 27 a0
Female | 32 18 a0
Total 55 45 100
S0 %55

Observed frequencies [ *

Ezpected frequency "Wale” and “pass™ = =275

Fuass Fuail
Mals 275 22.5
Feamals 275 22.5

Expecied frequencies [ *

2 a 2 a
Test statiztic | f | = (23-27.5) b (27-22.5) +(32—27-5) +':18— 22.5)

27.5 22.5 275 205
5. faif=igoy

Degrees of freedom =(2-1)x{(2-1)=1

Walues found for 7 will vary according to the rounding you do. If possible
work to the degree of accuracy of your calculation Mever work to any less than
the degree of accuracy in the question (at least one more place is a good 1dea).
A range of answers that encompass sensible degrees of accuracy would be
accepted in an examination,

Critical value = 3 (10%) = 2.706

¥ >ev. soreject H,.

Conclude there 12 ewidence of an association between gender and passing a driving

test “first time’.
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Goodness of fit and contingency tables
Exercise E, Question 8

Question:

cuccessful contestants in a TW game show were allowed to select from one of five
bemes, four of which contained prizes, and one of which contained nothing The
boxes were numbered 1 to 5, and, when the show had run for 100 weeks, the choices
made by the contestants were analysed with the following results:

Box

number

Frequency = 20 16 25 18 21

1 2 3 4 5

a Explain why these data could possibly be modelled by a discrete uniform
distribution.
b Tlzing a significance lewvel of 3%, test to zee if the dizcrete uniform distribution is

agood model in this particular case.

Solution:
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a  Wewould expect each box to have an equal chance of being opened. The box
nutnbers are discrete wvalues.

b H,: The data can be modelled by a discrete uniform distribution.

H,: The data cannot be modelled by a discrete wnform distribution
Total frequency =100 44—

Thiz 1z 1 restriction (total frequencies agree.)

There are 5 boxes so expected frequency for each = % =20

Box | 1 2 20 4 5
& 2000 16 | 25 ) 18 | 21
B 20 [ 200 20 | 20 | 20

2 2 2 2 ]
Test statistic ( 77 = 2020 (16207  (25-20)"  (18-20)"  (21-20)

g, fod =23
Degrees of freedom =5-1=4

T , : :
Walues found for & will vary according to the rounding you do. If possible
work to the degree of accuracy of your calculation Mever work to any less than
the degree of accuracy in the question (at least one more place 15 a good idea).

A range of answers that encompass sensible degrees of accuracy would be
accepted 1n an examination.

Critical value = % (5% =9 488
¥ <cw. 5o accept H,.

Conclude there iz no reason to doubt that the data could be modelled by a discrete
uniformn distribution
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Goodness of fit and contingency tables
Exercise E, Question 9

Question:

A pesticide was tested by applying it in the form of a spray to 50 samples of 5 flies.
The numbers of dead flies after 1 hour were then counted with the following results:

Number of
dead fhes

Frequency 1 1 ] 11 24 8

0 1 2 3 4 5

a Calculate the probability that a fly dies when sprayed.

b Using a significance level of 5%, test to see if these data could be modelled by a
kinomial distribution,

Solution:
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a Total number of dead flies =0x1+1x14+2x5+3x114+4x24+5=8
=180
Total number of flies sprayed = 30x5
= 250

180

o F(fly dies when sprayed) = e =0.72 #+—— This is 1 restriction in part b

(calculation of estimate of
parameter),

b H,: The data can be modelled by B(S, 0.72).
H,: The data cannot be modelled by B(S, 0772,

This 1z 1 restriction {(total

4_._.—-—~——'—'_'___—_'— frequencies agree).

Total frequency = 50

J % 0.72" %0.28° |= 00861

Lh

Page2 of 3

i

E(0) = 50><P(0)=50><M

J x0.72' x0.28* [=1.1064 »

(]

Pool these classes to get all
Eatobe dor more.

—

E(l) = 5D><P(1)=5U>{[

5
E(2)=50xP(2) = 50><“2] x0.72% %0.28" | =5.6900)

Similarly E(3)=14.6313, E(4) =18.8117, E(5) = 9.6746

Mumber of | 2 or fewer 3 4 5
dead flies

i 7 11 24 2

£ 6. BE25 14,6313 | 18,8117 | 5.6746

2 2 2 2
5 (7-6.8825) +|[11—14.5313) +(24—18.811?) +(8—9.6745)

Test statistic | 77| =
£.8E25 14,6213 1688117 26746
tiligt ) =0 62

Values found for i will vary according to the rounding you do. If possible
wotk to the degree of accuracy of your calculation Mewver work to any less than
the degree of accuracy in the question (at least one more place 15 a good 1dea)
A range of answers that encompass senstble degrees of accuracy would be
accepted in an examination.

Mumber of claszes after pooling,

Degrees of freedom =4-2=2

— HMutmber of restrictions.

Critical value = % (5%) = 5.991

¥* <cwv. 5o accept H,

Conclude we have no reazon to doubt that B(S, 0.72) 12 a good model for these
data.
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Goodness of fit and contingency tables
Exercise E, Question 10

Question:

The number of accidents per week at a certain road junction was monitored for four
years. The results obtained are summarised in the table.

Number of accidents ] 1 2 =2

Number of weels 112 56 40 0

Using a 5% level of significance, carry out a 3* test of the hypothesis that the
numb er of accidents per week has a Poizson distribution, E

Solution:

PhysicsAndMathsTutor.com

Pagel of 2



Heinemann Solutionbank: Statistics & Page2 of 2

H,: APoisson distribution 15 a good model
H,: & Poisson distribution is not a good medel.

Total frequency =112 +56+40 =208 <— This is 1 restriction (total frequencies agree).

mean = .64 e This 15 1 restriction
r 0,654 {calculation of estimate of
E(0) = 208xP(0)=208x| g5 = = }=108.]5 paratmeter).
i 1
E(1) =208xP(1)=208x e*ﬁﬁ“x@} =70.73
i 2
E(2) =208xP(2)=208x| "% x%} =23.13

E{more than &) = 208—[108. 1547073+ 23_13] =559

Humber of accidents 0 1 2 2 or more
] 112 a6 40 0
E 108,15 [ 7073 2313 5,99

b a 7 4
T (112-108.15)  (56-70.73) (40-2313) [(0-599)
108.15 70.73 23.13 5.99

tonlt la="215

PRy Humber of classes.
Degrees of freedom =4 - 2.52\\‘
Humber of restrictions.

Walues found for e will vary according to the rounding you do. If possible
wotk to the degree of accuracy of your calculation. Mever work to any less than
the degree of accuracy in the question (at least one more place 12 a good idea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an ezamination,

Critical value = % {o%a) =5.5991
2 =, soreject H,
Conclude there 1z evidence the data cannot be maodelled by a Poisson distribution
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Goodness of fit and contingency tables
Exercise E, Question 11

Question:

A tensile test 13 carried out on 100 steel bars which are wniform in section. The

distances from the mid-points of the bars at which they fracture 1z recorded with the
following results.

Distance D=d =10 10=4=20 20=4=30 30=4=40 40=4=30 30<=4 =60
Freguency 15 17 18 20 12 18

Test at the 0.05 significance lewvel if these data can be modelled by a continuous
uniform distribution,

Solution:

H,: The data can be modelled by a continuous wvniferm distribution

H,: The data cannot be medelled by a continuous uwniferm distribution.

Pagel of 1

Total frequency = 100 44— This 1z 1 restriction (total frequencies agree)

Expected frequency for each class = % =16.667 (or 16%]

2 2 2
(15-16.667)°  (17-16.667) (18-16.667)

- Test statistic | 3° | =
16,667 16,667 16,667

Walues found for 7 will vary according to the rounding you do. If possible
wotle to the degree of accuracy of your caleulation Mever waork to any less than
the degree of accuracy in the question (at least one more place iz a good idea).
A range of answers that encompass sensible degrees of accuracy would ke
accepted in an examination,

te (371 =236
Degrees of freedom = 6-1
=5
Critical value = % (5%)=11.070
7 <cw. so accept H,.

Conclude no reason to doubt the data could be modelled by a continuous uniform
distribution.
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Goodness of fit and contingency tables
Exercise E, Question 12

Question:

Zamples of stones were taken at two points on a beach which were 1 mile apart The
rock types of the stones were found and classified as ignecus, sedimentary or other
types, with the following results.

Site
A B
Rock type Igneous 30 10
Sedimeniary o) 35
Other 15 15

TTze a 5% significance level to see if the rocks at both sites come Fom the same
population.

Solution:

H,: There 1s no agseciation between site and type of rock found.

H,: There 15 an association between site and type of rock found.

Obgerved frequencies Site
T 4 [ B | Toml

Ilgneous 30 10 40
Sedimentary | 55 35 a0

Fack Tpe

Other 15 15 30
Total 100 60 160
Expected frequency Jgueous’ and “4° = o100 =325
_ A B
Expected frequencies [~ lereous 55 15
Sadimentary 9625 3375
Other 1875 11.25

2 e 5
Test statistic | 7° | = (30-25) +(10—15:| +...+M
= 15 11.25

te |t =474
Degrees of freedom =(3-1)x(2-1)
=2
Critical value = % (5%) =5991

2
P <cv. soaccept Hy.

Conclude ne ewidence of an aszociation between site and type of rock found zo the
rocks at both sites could come from the same population.
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Goodness of fit and contingency tables
Exercise E, Question 13

Question:

A small shop sells a particular item at a fairly steady vearly rate. When locking at the
weekly sales it was found that the number sold varied. The results for the 50 weeks
the shop was open were as shown in the table.

WeE . 1 5 3 4 5 5 7 g | =g
sales

Frequency | 0 4 7 a 10 & 7 4 4 0

a Find the mean number of sales per week
b Tlsing a significance lewel of 5%, test to see if these can be modelled by a Poizson
distribution,

Solution:
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a mean =425 - et this directly from your calculator

b H,: The data can be modelled by Po (4.25).
H,: The data cannot be modelled by Fo (4.25).

—| This 1s 1 restriction (total frequencies agree).

“—

Total frequency = 50

A =428 *———————— This 15 1 restriction (calculation of estimate

of parameter’).

i n
E(0) = 50xP(0) =50 x|e™**x se }: 0.6921

- Pool these classes to get

1 :
E(1) = 50xP(1) =50 x| e *% x 4.28 :|= 50623 allthe A"sto be 5 or
Motre.

i 2

E(2) = 50xP(2) =50 %[ e**¥x 4;8 }: 6.2394

Similarly,  E(3) = 9.0442,E(4) =9.6773,E(5) =5.2838
E(6) = 5.9091,E(7) =3.6130,E(8) =1.9329,
E(8 or more) = 50-[0.6921+2.9623+...+1.9328] =1.5458

The last 3 classes must be pooled to get all the Bz to be 5 or more.

Weekly | 2 or 3 4 5 6 7ot
sales fewer more
8] 11 8 10 & 7 8

) DO0EE [ 20442 | RETTE | BZB3E | 59091 70918

b a 4

Test statistic { 3°) = (11-9.9938) e (8-9.0442) +___+w
99938 20442 70918

sl g =118

k—_/_’_,_,_‘l——’ Mumber of claszes after pooling,
Degrees of freedom =6—-2 $———nu__ |
=4
Critical value = % (5% =59488
¥ <. 5o accept H,.
Conclude no reason to doubt that Po (4.28) could be a good model for the data,

Humber of restrictions.
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Goodness of fit and contingency tables
Exercise E, Question 14

Question:

A study was done of how many students in a college were left-handed and how many
were right-handed. &z well as left- or right-handedness the gender of each person was
also recorded with the following results

Left handed Right handed
LIale 100 &00
Female 80 800

TTze a significance test at the 0.05 level to see if there iz an association between
gender and left- and right-handedness,

Solution:

H,: There is ne association between gender and left- and right-handedness.

H,: There 15 an asseciation between gender and left- and right-handedness.

Lefi- Fight- Tatal
handad handed
Male 100 £00 700
Obzerved frequencies Foiile 20 200 220
Taotal 180 1400 1580
Expected frequency "Male” and "Left-handed” = %
=787747
Left-harded | Right-handed
Male 79047 620,253
i —
Apucissroqueniies Female 100.253 779.747

(100-79.747)"  (600-620253  (B00-779.747)"
79.747 620253 779,747
=104 (3s£)

Degrees of freedom = (2-1x(2-1)=1
Critical value = % (5%) = 3.841

2 =cov. so reject H,.

Test statistic | 3° | =

Conclude there iz ewidence of an association between gender and left- and
right-handedness in thiz population.
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Regression and correlation
Exercise A, Question 1

Question:

For each of the data sets of ranks given below, calculate the Spearman's rank
cotrelation coefficient and interpret the result.

P, 1 3 5
r, 3 1 5 4
b
r, 1 2 4 7 10
8 2 1 3 7 10
C
7, 5 & 1 g 3
r, 5 3 3 4 1
Solution:
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7 1 2 3 5 6
7 3 2 1 5 4 6
d -2 0 2 —1 1 0
d’ 4 0 4 1 1 0
Sd? =10

6x10
Rl ]

6(6" — 1
n=0714

1.e. positive correlation between the pairs of ranks.

Thiz walue 15 between weak and strong positive correlation between the pairs of ranks.

b
1] 2z]3]4]5 7 9 | 10
nl2] 1435 7 6 | 10
d |1l 1|11 ]Jo[=2l0]-1]3]0
Gli1 111 JoJalol1[sT]o
Sdt =18
£x18
il
10(10° -1y
r,=03891

1e. fairly strong positive correlation between the pairs of ranks of x and v

% 5 2 6 1 7 8
25 3 ) 3 8 4 1
e ] —4 3 —7 -3 -1 ] 7
e 0 16 9 49 9 1 25 49
'S_a?" =158
6158
L et
28 -1
r, = 0.881

1 e fairly strong negative correlation between the pairs of ranks of x and »
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Regression and correlation
Exercise A, Question 2

Question:

The number of goals scored by football teatns and their positions in the league were
recorded az follows for the top 12 teams.

Team A B C D E F G H I J K L
Goals 4% 44 43 3% 40 3% 2% 21 28 30 33 26
7 8

League 1 2 3 4 ] & 9 10 11 12
position

a Find d°.
b Calculate Spearman's rank correlation coefficient for these data. What concluzions
can ke drawn from this result?

Solution:

Goals 49 | 44 | 43 | 34 40 39 29 21 28 30 33 26
League 1 o E 4 3 & 7 8 9 10 1 12
position

e 1 2 3 & 4 5 9 12 10 3] 7 11
r 1 2 3 4 ] & 7 9 10 11 12
d 0 0 0 2 -1 -1 2 1 -2 | 4 | -1
e 0 0 0 4 1 1 4 16 1 4 14 1
The League position 1z their rank in the League ().
E_dz =48
6x43
rp=lo— ——
12(12° =1}
r,=0.832

Thiz shows fairly strong positive correlation between the pairs of ranks.
The more goals ateam scores the higher their league position is likely to be,
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Regression and correlation
Exercise A, Question 3

Question:

A sample of a class's statistics projects was taken, and the projects were agsessed by
two teachers independently. Each teacher decided thewr rank order with the following

results,

Project A B C D E F G H
T”;;l“"' 5 g 1 6 2 7 3 4
T”ﬁ“‘“‘" 7 4 3 1 6 g > 5

a Find T4%

b Calculate the rank correlation coefficient and state any conclusions vou draw

trom it
Solution:
a
rs 5 1 ) 2 7 3 4
ra 7 4 3 1 6 2
o -2 -2 ] — -1 1 -1
a2 4 16 4 25 16 1 1 1
bt
1
B -1
7. = 0.150

There is wirtually no correlation between the pairs of rank s awarded by the two

teachers. They appear to be judging the projects using different criteria,

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Pagel of 1



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Regression and correlation
Exercise A, Question 4

Question:

A veterinary surgeon and a trainee veterinary surgeon both rank a small herd of cows
for quality. Their rankings are shown below,

Cow A D F E B C H J
Qualified 1 2 3 4 5 6 7 2
vet
Trainga: 5 5 6 4 3 g 7
vet

Find the rank correlation coefficient for these data, and comment on the experience of
the trainee vet.

Solution:
o 1 2 3 4 5 & 7 2
Fp 1 2 5 4 3 2 7
d 0 0 -2 -2 1 3 -1 1
e 0 0 4 4 1 4 1 1
E_dz =20
f 2 20
N ey
235 -1
ro=07762

There 15 fairly strong positive correlation between the pairs of ranks. Thiz suggests
the trainee wet 18 rating the cows for quality in a similar way to the qualified wet
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Regression and correlation
Exercise A, Question 5

Question:

Twro adjudicators at an ice dance skating competition award marks as follows,

Competitor A B C D E F G H I J
Judge 1 Ts 66 73 74 54 65 B9 a5 67 17
Judge 2 8.1 68 #2775 B0 &7 8BS 843 66 738

a Explain why you would use Spearman's rank correlation coefficient in this case.
b Calculate the rank correlation coeflicient 7 . and comment on how well the judges

agree.

Solution:

a The marks are discrete values within a very restricted scale.
They are also subjective judgements, not measurements.

b
71 | 78 | 66 | 73 | 74 | 84 | 65 | 89 | 85 | 67 | 77
72 | 81 | 68 | 82 | 75 | 80 | 67 | 85 | 83 | 66 | 78
" q 9 ] 5 10 1 D g
” 4 g 7 9 1 2 10
d 0 1 B 1 0 0 =
FE 0 1 16 1 4 1 0 0 4 1
St =28
B fx 28
(10t -1
r, =0.830

This shows a fairly strong positive correlation between the pairs of ranks of the
marks awarded by the two judges so it appears they are judging the ice dances
using similar criteria and with similar standards.
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Regression and correlation
Exercise A, Question 6

Question:

a A teacher beliewves that he can predict the positions in which his students will
finish 10 an A-Level examination. When the results were out he wished to
compare his predictions with the actual results. Which correlation test should he
uze and why?

b The table shows predicted and actual orders.

Student A B C D E F G H I J
Predicted, p 2 4 1 3 ] ) 9 3 10 K
Actual, & 3 4 2 1 & 7 9 10 3

Calculate Spearman’s rank correlation coefficient 7 between @ and p. Comment on

the result.

Solution:

a Theteacher should use Spearman's rank correlation coefficient because the data
being used are ranks (1.e. he is concerned with order).

b
Jai | 4 1 3 B & 9 5 10 7
< 5 4 B 1 & 7 4 10 5
d -1 0 -1 =9 i 0 2 —4 0 2
a* ] 0 | ko] 49 0 4 16 0 4
E_a!’z = 100
100
r =il
10¢10° - 1)
r, = 0354

5

Thiz shows weak positive correlation between the orders. The teacher has very
limited ability to predict the positions in which the students will finish Tt doesn't
appear to be very reliable.
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Regression and correlation
Exercise A, Question 7

Question:

& doctor assessed the lung damage suffered by a number of his patients who stoled,

and asked each one "For how tmany wears have you smoked? with the following
results.

Patient A B & D E F G
Number
of vears 15 22 25 28 30 31 42
smoked
Lung
damage 30 a0 35 35 40 42 o8
grade

Calculate Speartnan's rank correlation coefficient 7, and comment on the result. Give

your value of Ta”.

Solution:
Tears 15 22 25 28 30 31 42
smaolked ()
Lung 30 a0 a5 35 40 42 58
damage
grade (g)
7 1 2 3 4 5 & 7
Ty 1 3 6 2 3 4 %
bl 0 -3 -3 2 2 2 0
a* 0 9 9 4 4 4 0

Nat =30

6 30
R e T

77 1)
r, = 0.464

This shows weak posttive correlation between the pairs of ranks. There 13 some
association between the lung damage grade and the number of years a person has

smoked for — it 15 likely the lung damage grade 15 also likely to depend on other
factors since the correlation is not very strong.
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Regression and correlation
Exercise B, Question 1

Question:

A product-moment correlation coefficient of 0.3275 was obtained from a sample of
A0 pairs of values. Test whether or not this value shows evidence of correlation

a atthe 0.05 level (uze a two-tailed test),

b atthe 0.02 level {use a two-tailed test).

Solution:

a H;:p=0
H:pz20 :lr 2-tatl or=0.05
test statistic = 0.3273
critical walues = 20,3120
ts = cv since 03275 03120
reject Hy
Conclude there is evidence of correlation at the 5% used of significance.

0
0 2-tall =002

test statistic = 0.3275
criical values = £0. 2665
t.s. < cow. since 03275 < 03665
accept H,
Conclude no evidence of correlation at the 2% lewel of significance.

-

L H,:p
Hik

]

H#
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Regression and correlation
Exercise B, Question 2

Question:

a  Calculate the product-moment correlation coefficient for the following data,
giving values for 5,5, and &,

x 2 3 4 4 5 5
¥ 7 & 5 4 3 2 1

b Test, for these data, the null hypothesis that there 15 no correlation between x
and v. Use a 1% significance level
state any assumptions yvou have made,

Solution:

In an exam do not set up a table of values — you will run out of timel
zet the values directly from vour calculator,

Sx =293 =131,y =287 =140,y =990 =7

g mogal SIXES ey
2
5, =131- 2 10857
(28)
S5 840 e
. 2l
J0857 < 28)
r=-0975
b Hy:p=0
Hy:p=0 2-tail o =0.01

test statistic =r=-0575
critical values = +0.8745

t.e. < cv. since —0.975< —0.8745
goreject H

Conclude there 1z evidence of cotrelation between x and ».
Azsumption: x and y are both normally distributed.
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Regression and correlation
Exercise B, Question 3

Question:

The ages X (vears) and heights ¥{cm) of 11 members of a football tearn were
recorded and the following statistics were used to summarise the results,

LY = 168,TF =1275,LXY =20704, TX? = 2585
T¥? = 320019

a Calculate the product-moment correlation coefficient for these data.

b Test the assertion that height and weight are positively correlated by using a
suitable test. State yvour conclusion in words and any assumptions yvou have made.
iTTze a 5% level of significance.)

Solution:
50704 _ 168X1275
3 11
a P =
2 ] =
2585 - 168 |[ 390 019 127 r=—"
11 11 Fafyy
o= 0677

b H,: p=0
H, p>0 1-tail ¢ =0.05

test statistic = 0.677
criical values = 0.5214
ts =» oo soreject Hy

Conclude there i3 evidence of positive correlation between the age and height of

members of a football teatn — the older the player, the taller they tend to be.
Azsumption: both the ages and the heights of the plavers are normally distributed.
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Regression and correlation
Exercise B, Question 4

Question:

a  Explain briefly your understanding of the term “correlation’. Describe how you
uzed, or could have used, correlation in a project or in class work,

b Twelve students sat two Biology tests, one theoretical the other practical. Their
matks are shown below,

Marks in
theoretical 5 9 7 11 20 4 & 7 12 10 15 16
test (£)
Mankes i
practical & 8 g 15 20 9 ) 714 8 718
test ()
Find to 3 significant figures,
1 the value of 5,
1 the product-moment correlation coefficient.
¢ Tlee a 0.05 significance level and a suitable test to check the statement that
“students who do well in theoretical Biology alse do well in practical Biology
tests’

Solution:
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a The product-moment coefficient of correlation 1z the measure of the strength of
the linear link between two variables.
Tou could use it to investigate whether there is correlation between the age of a
lichen and its diameter, for example.

b

i 3 9 7 11 20 4 & 17 12 10 15 16
B & 8 9 15 20 9 B 17 14 g 17 18
Enter theze data into your calculator to obtain the following results directly — doa't
complete atable of results in an exarm as you will run out of tirne!

Ye=1323 4 =1742,3 p =147 p* =2057, ) p =1872.n =12

i 5, B
12
Sy =255
n r=02535 iGet this value directly from your calculator,
c H,:p=0
H:p>0 1-tal =005

test statistic = 0.935
critical values = 0.4%973
ts. ® cw. soreject Hy.

Conclude there 12 positive cotrelation between theoretical bislogy and practical
biology marks — this implies that students who do well in theoretical biology tests
also tend to do well in practical biclogy tests,
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Regression and correlation
Exercise B, Question 5

Question:

The following table shows the marks attained by ¥ students in English and
Wlathematic s tests.

Stadent A B [ 1N F F G H
FEnglish 25 13 32 27 21 35 28 30
Mathematics 16 11 20 17 15 26 32 20

a Calculate the product-moment correlation coefficient.

& teacher thinks that the population correlation coefficient between the marks i3
likely to be zero,

b Testthe teachet's idea at the 5% level of significance.

Solution:

4 r=0.68506... «———In the exam get this directly from vour calculator. If

you set up atable of results you are likely to run out

of time.
so r=06886{5:1)
b
H =0 H, H, H,
AR 2-tail o =0.05 = 7
Hi:p=z0 e s
e c.v, = =), 7 c.v. = 0,067
test statistic = 0.686
crittcal values = 07067 t.s. = 0.686

at upper tail, ts <cv. since 0685 < 07067 s0 accept H,, .

Conclude there 15 evidence the pom.c.c. could be zero so the teacher's theory iz
supported.
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Exercise B, Question 6

Question:

A emall company decided to import fine Chinese porcelain, They believed that in the
long term thizs would prove to be an increasingly profitable arrangement with profits
increasing propottionally to sales Ower the next & years their sales and profits were as
shown in the table below,

Viai 1994 1995 1996 1997 1998 1999
Sales in 165 165 170 178 178 175
thousands
Profits in
kil 65 7 75 % 20 23

Tzing a 1% zignificance level test to see if there iz any evidence that the company's
beliefs were correct, and that profit and sales were positively correlated.

Solution:

F=0793 *—— Gt this value directly from vour calculator. Doa’t set up a table of
values as vou will be likely to run out of time in the exam if you dol

Hu p= ]
H:p=10
test statistic = 0,793
criical values = [.8822
t.s. < cw soaccept Hy.

Conclude there 1z insufficient evidence at the 1% significance lewel to support the
company's belief

1-tail o =0.01

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

A Spearman's rank correlation obtained from the fuel consumption of a selection of
30 cars and ther engine sizes gave a rank cerrelation ceefficient » =05321

Investigate whether or not the fuel consumption iz related to the engine size. State
vour nnll and alternative hypotheses, (Uze a 5% level of significance.)

Solution:
H,: p, =0There 15 no association between fuel You should always put
consumption and engine size, 2-tall @ =003 | your hypotheses in
H,: p, 20There 1z an association between fuel terms of ofirst.

consumption and engine size.
Test statistic =7 =0.5321

# =730 so critical value = +0.3624 H, Hy . H

t.s = cow in the upper tail
since 05321 03624 C.V.=-0.3624
soreject Hy.

C.V.=0.3624
tx. =0.5321
Conclude there 1z evidence of an association between fuel consumption and engine size.
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Exercise C, Question 2

Question:

For one of the activities at a gymnastics competition, 8 gymnasts were awarded marks
out of 10 for each of artistic performance and technical ability. The results were as
follows.

Gvmnast A B C D E F G H
Techmecal
ability 8.5 8.6 9.5 i) 6.8 9.1 9.4 9.2
Artistic

6.2 7.5 B2 &7 £.0 1.2 8.0 2.1

lill?l'flil rimance

The walue of the product-motment correlation coefficient for these data 15 0,774,

a  Btating your hypotheses clearly and using a 1% lewvel of significance, test for
evidence of a positive association between technical ability and  artistic
performance. Interpret this walue.

b Calculate the value of the rank correlation coefficient for these data

¢ Stating your hypotheses clearly and using a 1% level of sigmificance, interpret this

coefficient.
d  E=zxplain why the rank correlation coefficient might be the better one to use with
these data.
Solution:
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Hy:p=0 1-tail @ =0.01
H:p=0

Test statistic=p, =0.774
# =08 crtical value =0.7887
ta < cw inupper tail test

so accept Hy .
Conclude there 15 insufficient evidence of positive correlation between technical
ability and artistic performance at the 1% significance lewvel

b
ik 8.5 8.6 9.5 ] 6.8 8.1 9.4 9.2
A 6.2 75 82 6.7 6.0 i 8.0 9.1
Pr 5 1 7 8 4 2 3
Fy 7 4 2 & 8 5 1
d -1 1 -1 1 0 -1 -1 2
d’ 1 1 1 1 0 1 1 4
E_dg =10
5 610
2 208 -1
r, = 0881
¢ H,: p, =0There 1s no association between Tou should always
technical ability and artistic performance. 1-tail ¢r=0.01 PUt your hypotheses
H,: o, >0There is positive association in terms of ofirst
between technical ability and artistic
performance.
Test statistic =7 =0.8581
# =8 critical value = 08333
upper tail test, t.s. > cw
so reject H,
Conclude there 15 evidence of a positive association between technical ability and
artistic performance. Gymnasts who are better in their technical ability also
appear to be better in thew artistic performance.
d The data are discrete results in a limited range. They are judgments, not

measurements. It iz alse unlikely that these scores will both be normally

distributed.
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Exercise C, Question 3

Question:

Two judges ranked 2 ice skaters in a competition according to the table below.

Skater

il il v v vi Vi viil
Juidge
A 2 5 3 7 B 1 4 &
E 3 2 & 5 7 4 1 B

a Ewvaluate Spearman's rank correlation coefficient between the ranks of the two
judges.

b TIze a suitable test, at the 3% lewvel of significance. Interpret wour findings to
inwestigate for evidence of pesitive association between the rankings of the

judges. E
Solution:
A
B 5 7 5 4
5 2 5 i 4 1
d -1 3 -3 2 1 —3 3 —2
a2 1 9 9 4 1 9 9 4
E_dg =46
66
rp=l-—
B2 -1
p,o=0452

b H,: p, =0There iz ne association between the rankings of the 2 judges. You should
always put your
hypotheses in
Pad terms of ofirst

H,: p, #0There iz an association between the rarkings of the 2 judges.

2-tal or=0.05

Test statistic =7 = 0452

Critical wvalues =207351

t.e. < c.v. in the upper tail
since 0452 = 0.73581
so accept Hy.

H, Hyy H,

7381 cv. =0.7381
.5 =0.452

Conclude there 15 no association between the rankings awarded by the 2 judges.
They appear to be using different criteria in their judgements.
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Exercise C, Question 4

Question:

Each of the teams in a school hockey league had the total number of goals scored by
thetn and against them recorded, with the following results,

Team A B [ D E F G

Goals for 29 40 23 o7 26 20 42

Goals o o8 27 42 24 28 23
agamst

Investigate whether there 15 any correlation between the goals for and those against
by using Spearman's rank correlation coefficient. TTae a suitable test at the 1% level to
investigate the statement, A team that scores a lot of goals concedes very few goals’

Solution:
F 29 40 28 &7 26 30 42
A 22 28 27 42 24 38 23
g 2 5 £ 7 4 1
Py 7 i 4 1 5 2 &
d —4 -1 1 5 2 2 -5
a2 16 1 1 259 4 4 24
>d? =16
_ £x 76
=1
r,=-0357
H,: p, =0 There iz no asseciation between *goals for’ Ve should
and “goals against’ 1-tail or=0.01 always put your
H,: p, =0 There is negative association between hypotheses in
‘goals for’ and ‘goals against’ terms of o first.
Test statistic =, =-0.357 Hy Hy
critical value = —08929 ' {
Lower tail test where ts = cow B, ==
so accept Hy,. o
t.s. = L3557

Conclude there 15 insufficient evidence to support the statement.
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Exercise C, Question 5

Question:

The weekly takings and weekly profits for six branch shops of a company are set out
kelow,

Shop 1 2 3 4 5 G
Takings (£) 400 6200 2600 5100 5000 3200
Profits (£) 400 1100 450 750 200 500

a  Calculate the coefficient of rank correlation 7, between the takings and profit.

b It 15 assumed that profits and takings will be positively correlated. TTaing a
suitable hypothesis test (stating the null and alternative hypotheses) test this
assertion at the 2% lewvel of significance.

Solution:

T [ 400 6200 2600 [ 5100 | 5000 | 3800
F | 400 [ 1100 450 [ 750 | 800 | 500
ry 6 1 5 2 3 4
7 6 1 5 3 2 4
d 0 0 0 2] 1 0
FE 0 0 0 1 1 0
Yat=2

g b2

’ 6(6° =13

r,=10943

Tou should
1tail r=0,05 | 21Ways put your
hypotheses in
terms of ofirst

b H,: p, =0 There iz ne agsociation between takings and

profits,
H,: p, =0 There is positive association between takings

and profits.

upper tail test where ts = cov
so reject Hy.
Conclude there iz evidence to suppott the staternent.
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Exercise C, Question 6

Question:

The rankings of 12 students in IMathematics and Music were as follows,

Mathematics 1 2 3 4 5 & 7 a2 9 10 1 12
Music f 4 2 ] 1 El 5 3 10 8 11 12

a  Calculate the coefficient of rank correlation 7, [Show vour value of Td? ]

b Testthe assertion that there 1z no correlation between these subjects. State the null
and alternative hypotheses used. Use a 5% significance level.

Pagel of 1

Solution:
A
P 1 2 3 4 5 & 7 9 10 11 12
. & 4 2 3 1 5 10 8 11 12
d -5 -2 1 1 4 -1 2 -1 -1 2 0 0
a2 25 4 1 1 16 1 4 1 1 4 0 0
>d? =58
£ 58
12{12° -1}
Fo=0797
b H,: p, =0There is no correlation between the Veou should
rankings in Mathematics and Music. 2-tail x=0.05 | always put Four
H,: p, #0There is correlation between the hypotheses in
rankings in Mathematics and Music. terms of ofirst
Test statistic = 0.797 Hy Hy H;y
critical walues = 20 3574
c.v. ==L.5874 c.v. =0.5874

t.e = cov in upper tail, since
0797 = 05874
so reject Hy.

Conclude there 15 evidence of an association between the rankings in Mathematics

and Music.

Here it appears that students who do well in Mathematics are also likely to do

well in Music,

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:

a A child is asked to place 10 objects in order and gives the ordering

A C HF B I G E T 1

The correct ordering iz

A& B ¢ D EF G HIIT

Find a coefficient of rank correlation between the child's ordering and the correct

Pagel of 1

ordering
b Tlze a 2% significance lewel and test whether there 15 an association between the
child’s order and the correct ordering. Draw conclusions about this result. E
Solution:
a
Child's A C H F E L G E I I
order
Cotrect A E C D E F €} H I J
order
N 1 3 & 7 10 9
P 1 2 4 & 7 9 10
) 0 1 5 2 =3 -2 0 -3 1 -1
d* 0 1 25 4 9 4 0 9 1 1
>d? =54
x5
Bl
10{10° =13
r,=0673
b H,: o =0 There 15 no association between the child's You shoild
ordering and the correct ordering. a-tal or=0.05 always put your
H,: o, # 0 There 15 an association between the child's hypotheses in
ordering and the correct ordering. terms of o first.

Test statistic = 0.673
critical walues = 0.5636

te = ow goreect Hy.

Conclude there 12 evidence of a positive association between the child's ordering and

the correct ordering so the child 1z showing some ability to perform the task.

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

The crop of a root vegetable was measured over six consecutive years, the vears
keing ranked for wetness. The results are given in the table below.

Year 1 2 3 4 5 6
Crop
{10 000 tons) - i3 52 77 &3 61
Ranl: of 5 4 : - : :
wetness

Calculate, to 3 decimal places, a Spearman's rank correlation coefficient for these
data. Test the assettion that crop and wetness are not correlated. (Use a 2% level of

sigrificance).
Solution:
i be 5 52 77 63 &1
7 4 & 1 £ 5
A 5 4 1 & 3 2
& -1 —2 3 e 0 3
e 1 4 2b 23 0 9
Sdt =64
prape X0 g aopsy
66 =[]
r, =—03829
H,: p, =0 There is no correlation between the ranks Rppine e
of crop vield and wetness. 2-tail =003 always put your
H,: p, #0 There 15 correlation between the ranks of hypotheses in
crop yield and wetness, terms of ofirst.

Test statistic = —0.82%
cnitical walue = 08857
In the lower tail, ts. > cv. since —0.829 = 0. 8E57

go accept Hy.

Conclude at the 1% significance level there 15 insufficient ewvidence of correlation
between the ranks of crop yvield and wetness. (More samples need to be taken as the
coefficient 15 quite close to the critical value).
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Exercise D, Question 1

Question:

a  Two judges at a cat show place the 10 entries in the following rank orders.

Cat A B i D E F G H I J
First

: 4 & 1 2 = 3 10 G a8 7
judge
Segunc 9 3 1 7 4 6 2 5 10
judge

Find a coefficient of rank correlation between the two rankings and, using the
tables prowided, comment on the extent of the agresment between the two judges.
b Explain briefly the role of the null and alternative hypotheses in a test of

significance. K
Solution:
a
g 4 1 2 il 3 10 9 5 7
Fy 2 3 1 4 B 5 10
) 2 —3 —2 1 —2 =1 1 3 -3
d? 4 9 4 1 4 1 14 1 9 9
Z_a!’2 =58
r,= —6X—38= 064845
10010° =13
r, = 0648

We are looking for pasitive correlation between the rankings awarded by the two
mdges. There 1z clear evidence of a positive correlation at the 10% and 2%
lewel(s) of significance since our test statistic #, = 0.645 15 bigger than the critical

value 0.2636 There 15 imnsufficient ewvidence of positive correlation at the 1%
significance level where the critical value 07455 iz greater than the test statistic.

b The null hypothesis 1 what we assume to be true unless proved otherwize and the

alternative hypothesiz 13 what we conclude 15 happening if we reject the null

hypothesis. The null hypothesis 15 only rejected if 1t 15 true with a probability
equal to the significance level of the test

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

a  Explain briefly the conditions under which vou would measure association using

aratlk correlation coefficient.
b Mine applicants for places at a college were interviewed by two tutors. Each tutor

rankced the applicants in order of merit The rankings are shown below,

Applicant A B C D E F G H I
Tutor 1 1 2 3 4 5 & 7 8 9
Tutor 2 1 3 5 4 2 7 9 B &

Inwestigate the extent of the agreement between the two tutors. E
Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Page2 of 2

a Where there 15 a link between the variables x and y but it i5n't linear; it could be

for example.

-

TWhere the results you have are rankings already where items have been put in
order of preference or judgements, or where alphabetical grades have been

awarded — here the data won't be from a bivariate normal distribution.

b
75 1 2 E 4 5 & 7 8 9
”"rz 1 3 5 4 2 7 9 8 &
d 0 —1 —2 0 3 1 —2 0 5
d? 0 1 4 0 9 1 4 0 9
Sdt =28
b= 28
=l
9(9° -1
r,=07666. =0767
H,: p, =0 There is no correlation between the ranks Tou should
awarded by the two tutors. 1-tail always put Ra
H,: p, = 0There is positive correlation between the hypothefses f{n
rank s awarded by the two tutors, terms of oLirst

Test statistic=r, =077
Thiz 1z greater than the critical value of 06533 at the 2%% significance level so we

would reject Hy and we would conclude there is evidence of agreement between the

two tutors at the 2 %% significance lewel

Atthe 1% significance level the test statistic and critical walue ate wery close so it is
mconclusive at this level of significance.
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Exercise D, Question 3

Question:

In a ski-jump contest each competitor made two jumps. The order of merit for the 10

competitors who completed both jumps are shown.

Ski-jumper A E C D E F
First jump 2 9 7 4 10 8

Second jump 4 10 3 1 g g

€ H I
& 5 1
2 7 3

a Calculate, to 2 decimal places, a rank correlation coefficient for the performance

of the ski-jumpers in the two jumps.

b Tsing a 5% significance, and quoting from the table of critical values, investigate
whether there 15 positive association between the two jumps. State vour null and

alternative hypotheses clearly. E
Solution:
a
By 2 8 7 4 10 ] 1
Pad 4 10 2 1 8 7 3
d —2 -1 2 3 2 -1 4 —2 -2 —3
42 4 1 4 9 4 1 16 4 4 9
»at=156
6= 56
h=Ll- ]
10010 =13
r, = 06606
r,=00662dp)
b H,: p, =0 There is no correlation between the order
i : _ You should
of merit for the two jumps. 1-tail =005

H,: p, =0 There is positive correlation between the
order of merit for the two jumps.

Test statistic =066

Critical value = 0. 5626

ts ®cow soreject Hy.

always put your
hypotheszes in
terms of ofirst

Conclude there 15 evidence of positive comrelation between the order of merit for the
two jumps — jutnpers who did well in the first jump are also likely to do well in the

second jump.
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Exercise D, Question 4

Question:
An expert on porcelain is asked to place seven china bowls in date order of

manufacture, assigning the rank 1 to the oldest bowl The actual dates of manufacture
atd the order given by the expert are shown below.

Bowl A B C D E i G
Diate:of 1820 1857 1710 1896 1810 1650 1780
manufacture
Orde I given 7 3 4 & 2 1 5
by expert

a Find, to 3 decimal places, the 2pearman's rank correlation coefficient between the
order of manufacture and the order given by the expert.

b FRefer to the table of critical walues to comment on your results. State clearly the

null hypothesis being tested. F
Solution:
a
Date of 15320 1857 1710 18536 1210 1650 1780
manufacture
Date rank 7 ] 2 & 4 1 3
Expert rank 7 3 4 [ 2 1 5
d ] 2 —2 0 2 0 —2
P 0 4 4 0 4 0 4
>d =16
616
n=l-——
-1
r,=0714(3dp)
b H;: p, =0 There iz no association between the pairs of ranks. Tou should

H,: p, =0 There iz positive association between the pairs

of ranks, 1 e they agree with each other.

Test statistic=0714._.

Atthe 3% significance lewel the critical value =0.7143

te ®cow soreject Hy.

} 1-tail

always put your
hypotheses in
terms of o first.

Conclude at the 5% level of significance there 15 minimal evidence that the expert is

ranking the porcelain in date order correctly.

Atthe 2 %% significance level the critical value 1z 07857 which is bigger than the

test statistic meaning H, would be accepted. So at the 2%% significance level there

iz insufficient evidence of agreement.
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Exercise D, Question 5

Question:

A stoall bus company prowvides a service for a small town and some neighbouring

villages In a study of their service a random sample of 20 journeys was taken and the

distances x, in kilometres, and journey times £, in minutes, were recorded. The

average distance was 4.535 km and the average journey time was 15,15 minutes.

a Using Tx? =493 77 5 = 4897 Tz =1433.8, calculate the product-moment
cotrelation coefficient for these data

b Stating wour hypotheses clearly test, at the 2% lewel, whether or not there is
evidence of a positive correlation between journey time and distance.

¢ State any assumptions that have to be made to justify the test in b E
Solution:
a » =20
- ¥ix S'x
x = = gmves453L=="
% 20

so > 1=20x4.535=907

522 gives 15_15=2
» 20

so 3¢ =20x1515=303

[1433_8_W}
20

2 yl
45377297 || 4ge7 - 392
20 20

F=0.375

Hozp=0 1-tail @=0.05
H,.p=0

Test statistic = 0.375

cntical value = 03783
t.s. < cow. since 0375 < (3783
go accept Hy.

Tt

b

-

]

—
-

Ceonclude there 15 msufficient evidence of positive correlation between distance
and tume at the 3% level of significance.

¢ Both distance and journey time are normally distributed.
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Exercise D, Question 6

Question:

A group of students scored the following marks in their Statistics and Geography

examinations.
Stadent A B C D E F G H
Statistics 6 71 49 38 T2 a5 54 68
Geography 35 a0 a1 47 65 45 39 a2

a  Find the value of the Spearman's rank correlation coefficient between the marks
of these students.

b Stating your hypotheses and using a 5% level of significance, test whether marks
in Statistics and marks 1n Geography are associated.

Solution:
a
3 &4 71 43 38 72 55 54 &8
& 55 50 51 47 &5 45 29 Ba
7y 4 2 7 8 1 & 3
s 3 5 4 & 2 7 B 1
) 1 —3 ] 2 -1 -2 -2 2
d? 1 3 9 4 1 4 4 4
Z_dz =36
£ 36
8(8"-1)
r,=0571
b H,: p, =0 There iz no association between marlke Toushould
in Statistics and Geography. Dtail =005 | Abvaysputyour

hypothezes in

i # 00 There 15 an association between marks
1 terms of ofirst.

in Statistics and Geography.

Test statistic = », = 0.571 H, Hy H,

critical value = 20,7381
In the upper tail tsz <cw
so accept H.

c.v. =={,7381 c.v. =0.7381

ts =0.571

Conclude there is no evidence of an association between marks students score in
Statistics and Geography, i.e. students who are good at one of these subjects aren't
necessarily going to do well in the other subject.
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Exercise D, Question 7

Question:

An international study of female literacy investigated whether there was any
cotrelation between the life expectancy of female: and the percentage of adult
females who were literate. & random sample of 8 countries was taken and the
tollowing data were collected.

Life
expectancy 49 T 69 71 a0 &4 78 74
(vears)
L‘T;“}__‘;;‘"f" 25 28 20 62 37 26 89 67

a Ewaluate Spearman's rank correlation coefficient for these data.

b Stating your hypotheses clearly test, at the 2% level of significance, whether or
not there 1z evidence of a correlation between the rankings of literacy and life
expectancy for females.

¢ (give one reason why Speartnan's rank correlation coefficient and not the product-
moment cotrelation coefficient has been used in this case. K

Solution:
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LE 49 76 69 71 50 &4 73 74

Lit 25 BE a2l 62 Ef 1) 29 &7

iz B 2 5 4 7 & 1 3

P B 2 4 & 7 3 1 5

) 0 0 1 —2 0 3 0 —2

d* 0 0 1 4 0 9 0 4
>dt =18

6x18
paeiln—e
BB -1
r,o= 0786
b H;: p, =0 There 15 no correlation between the rankings You should

of literacy and life expectancy for females. 2-tatl =005 always put e

R : : : hypotheses in
H,: p, 20 There 12 correlation between the rankings : £
of literacy and life expectancy for females. RESRERREt,
Test statistic =, = 0.786 i : Ho il
critical value = £0.7381 c.v. =-0.7381 c.v. =10.7381
Inuppertail ts =cw
soreject Hy . Ls. =0.786

Conclude there iz evidence of correlation between the rankings of literacy and life
expectancy for women It appears that where a higher percentage of women are
literate, they appear to have a higher life expectancy.

¢ We cannot assume that both life expectancy and percentage of literary are both
normally distributed.
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Exercise D, Question 8

Question:

Sim friesian cows were ratked in order of terit at an agricultural show by the official
qudge and by a student vet.
The rank s were as follows:

Official

: 1 z 3 4 5 &
judge
Student 1 5 4 5 6 3
vet

a Calculate Spearman's rank correlation coefficient between these rankings.

b Inwestigate whether or not there was agreement between the rankings of the judge
and the student.
State clearly vour hypotheses, and carry out an appropriate one-tailed significance

test at the 5% lewvel. F
Solution:
a
Peg 1 3 4 &
Pay 1 4 2 3
o 0 -3 -1 2 -1 3
e 0 9 1 4 1 9
St =24
24
rj o e —27
&6(6" -1}
r,=0314

b H,: p,=0 There is no correlation between the

rankings of the official judge and student vet 1-tail @¢=0.05 | Youshould

H,: p, =0 There 1z positive correlation between always put st
hypotheses in

the rankings of the official judge and student vet. terms of ofirst

Test statistic =», =0.314
critical walue = 0.8286

t.s. = c.v. goaccept H.

Conclude there is insufficient evidence of agreement between the rankings of the
official judge and the student wet They appear to be ranking using different
criteria to sach other
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Exercise D, Question 9

Question:

Az part of a survey in a patticular profession, age, x years, and salary, £y thousands,
were recorded.

The waluez of x and y for a randomly selected sample of ten members of the
profeszion are as follows:

X 30 52 38 45 56 44 41 25 32 27
il 22 38 40 24 35 32 23 21 29 41

a Calculate, to 3 decimal places, the product-moment correlation coefficient
between age and salary.

b State two conditions under which it might be appropriate to use Spearman's rank
cotrelation coefficient

¢ Calculate, to 3 decimal places, the Spearmnan's rank correlation coefficient
hetween age and salary.

It 1z suggested that there 15 no correlation between age and zalary.

d  Set up appropriate null and alternative hypotheses and carry out an appropriate
test. (Tze a 5% significance lewel ) E

Solution:
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a r=0340 *4— Get this value directly from vour calculator in an

examination. Don't set up a table of values — you
will run out of time if you do.

b When both sets of data aren't from normal distributions. When at least one set of
data is given as grades (letters) or ranking of preference or size.

€
x 30 52 38 43 56 44 41 25 32 27
¥ 22 28 40 24 35 22 28 27 29 41
7, 8 2 & 3 1 4 5 10 7 9
7 10 3 2 5 4 & B 9 i 1
d —2 =1 4 —2 =3 —2 =3 1 0 8
d? 4 1 16 4 9 4 9 1 0 &4
St =112
Ex112
=l
100107 -1}
r,=0321(3dp)
d H,: p,=0 There 12 no correlation between the You should

rankings of age and salary. 2-tail =003

always put your
H;: p, #0 There 1z correlation between the

hypotheses in
rankings of age and salary. tertns of o first

Here the test on Spearman's coefficient should be used because it is unlikely that
salary and age are both normally distributed.

Test statistic =r, =0.321
critical value = 06485

In uppertail, tz <cwv
Since 0.321= 406485
accept Hy .

H, Hy H,
' i
c.v, = =(L6485 c.v. = (L6485

t.s. =0.321

Ceonclude no ewvidence of correlation between the rankings of salary and age. This

means that the older a person 15, in the profession, it doesn't mean they will earn
more.

© Pearson Education Ltd 2C
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Regression and correlation
Exercise D, Question 10

Question:

A machine hire company kept records of the age, x months, and the maintenance
costs, £, of one type of machine The following table summarizses the data for a
random sample of 10 machines.

Ilachine A B C D E F G H 1 J
Age. x £i3 12 34 81 il 4 45 74 24 89

Maintenance 117 55 49 181 g4 21 S1 145 43 241
costs, ¥

a  Calculate, to 3 decimal places, the product-moment correlation coefficient. (Tou
may use 3 a0 =30625 3" =135481, »r=62412)

b Calculate, to 3 decimal places, the Spearman's rank correlation coefficient.
¢ For a different type of machine similar data were collected. From a large
population of such machines a random sample of 10 was taken and the

spearman's rank correlation coefficient, based on ng =36, was L7582,

Tsing a 3% level of significance and quoting from the tables of critical values,
interpret this rank correlation coefficient Tze a two-tailed test and state clearly
your null and alternative hypotheses, K

Solution:

PhysicsAndMathsTutor.com
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a r=0837 ——— Gt this directly from your calculator in the

examination. There 15 no need to set up a table of
values, you will run out of time if you do.

b
x 3 12 24 81 a1 14 45 74 24 859
¥ 111 25 41 151 &4 21 ol 145 | 43 241
r, 4 10 7 2 = 9 & 3 ] 1
i, 4 9 ! 2 ) 10 & 3 7 1
a 0 1 -1 0 0 -1 0 0 1 0
d? 0 1 1 0 0 1 0 0 1 0
Sd? =4
604
10010° =13
po=08976(3dp)
¢ H,: p,=0 There iz no association between age and Wi hsiild
maintenance costs. 2-tal =002 | always put your
H,: p, #0 There 15 an association between age and hypotheses in
maintenance costs, terms of ofirst.

Test statistic =y, =0782
# =10 critical value(s) = H) 6485
In wpper tall, ts = cv since 0782 = H1.6485 so reject H,.

Conclude there 15 evidence of an association between age and maintenance costs.
It appears that older machines cost more to maintain.

© Pearson Education Ltd 2C
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Regression and correlation
Exercise D, Question 11

Question:

The data below show the height abowe sea level, x metres, and the temperature, 3"

at 700 am , on the same day in summer at nine places in Europe.

Height, x(mn) 1400 400 280 790 350 L9%0 540 1250 680

Temperature, ¥

s ) 15 1= 10 16 14 13 7 13
(°C)

a The product-moment correlation coefficient iz —0.973 Test this at the 3%

sighificance level Interpret your result in context
Cin the same day the number of hours of sunshine was recorded and Spearman's rank

cotrelation between hours of sunshine and temperature, based on Za’z =28, was

0767,
b Stating wour hypotheses and using a 2% two-tailed test, interpret this rank
cotrelation coefficient. r
Solution:
a H,: . p=0
H:p=0 1-tail =005
Test statistic =-0.975

n="9 cnfical wvalue = —0.5822
Lower tail test, ts. = cv. since —0.975 < -0.5822 reject H.

Conclude there iz evidence of negative correlation There 1z evidence that the
greater the height above zea level, the lower the temperature at 7.00 a.m. 15 likely

to be.

b H,: & =0 There is no asseciation between hours Vou should
of sunshine and temp erature. 2-tail =005 always put your
H,: o, =0 There is an association between hours hypotheses in
of sunshine and temperature. terms of ofirst

Test statistic =r, =0767 H Hy H
n=9 critical value = +0.6833 :

In upper tail

t.z. > c.v. since
0767 = 406833

so reject H.

c.v, == ORI v, = (L6E33

ts. =0.767

Conclude there 15 evidence of an association between hours of sunshine and

temperature.
The more hours of sunshine the warmer the temperature.

© Pearson Education Ltd 2C
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Regression and correlation
Exercise D, Question 12

Question:

a Ezplain briefly, referring to your project work if you wish, the conditions under
which wou would measure association by using a rank correlation coefficient
rather than a product-moment coefficient

b At an agricultural show 10 Shetland sheep were ranked by a gualified judge and
by a trainee judge. Their rankings are shown in the table.

Cualified

Judge

Trainee ,  » 5 5 5 g 19 4 3z 9

Judge

Calculate arank correlation coefficient for these data
¢ Using a suttable table and a 5% significance lewvel, state your conclusions as to
whether there 15 some degree of agreement between the two sets of ranks. K

Solution:

a  Touuse a rank correlation coefficient if at least one of the sets of data isn't from a
normal distribution, ot if at least one of the sets of data is a letter grading or an
order of preference. Tt 15 also used if there iz a non-linear association between the

variables.
b
7y 1 o 5 4 6 7 g 10
ry 1 o 5 6 3 g 10 2 g
d 0 0 2| =2 | 2| 2| -3 6 1
a? 0 0 4 4 4 4 9 16 | 36 1
¥4 = T8
6% 73
,r'j = i 2
10(10% =1
ro= 0527

¢ H;: 5 =0 There iz no correlation between the

rankings of the qualified and trainee judges.
H,: p =0 There iz positive correlation between
the rankings of the qualified and trainee judges.

Test statistic = » =0527
0.5636

crtical value

1-tail x=0.05

tz = cv since 0.527 = 05636, These two values are very cloze.

Accept Hy.

Tou should
always put your
hypotheses in
terms of ofirst

Conclude there 15 insufficient evidence of agreement between the rankings
awarded by the qualified and trainee judges at the 5% level of zignificance.

© Pearson Education Ltd 2C
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Exercise D, Question 13

Question:

a Ezplain briefly the use of a null hypothesis and a lewel of significance in statistical
wotl.

b The positions in a league table of & rughy clubs at the end of a season are shown,
together with the average attendance (in hundreds) at home matches during the

SEASOI.
Club A B e D E F G H
Posiaon 1 2 3 4 5 o 7 a
Average 30 32 19 19 2%, 18 15 25
attendance

Calculate the coefficient of rank correlation between position in the league and
home attendance. Comment on your results. E

Solution:

a The null hypothesis 15 what 15 assumed to be true unless prowved otherwise (The
alternative hypothesiz tells you what 1= likely to be happening if the null
hypothesis 15 rejected) The lewvel of significance tells you the probability of
rejecting the null hypothesis if it is true. The null hypothesis 15 only rejected in
favour of the alternative hypothesis if by doing so the probability of being wrong
15 less than or equal to the significance level.

Pagel of 1

b
Posttion 1 2 324 |5 6|78
Attendance | 5\ 391 15 | 19 | 27|18 [ 15| 25
{hundreds) —— -~
2 eep these rows together ih
¥ e |08 )8 |96 | 4|58 -\| the table to make it casy to
2 2 1 g g 3|6 |74 J find the & values.
d 1|1 | -=5|-1|2]|0]|0]4
d? 11251 |4|0]|0]|16
Sd =48
6248
T e,
BB -1
r,o=0429

There iz weak positive correlation between the ranking of attendance and position
in the league. Being higher in the league doesn't necessarily mean the attendance
will be higher — it may help though

© Pearson Education Ltd 2C
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Exercise D, Question 14

Question:

The ages, in months, and the weights, in kg, of a random sample of nine babiesz are
shown in the table below.

Baby A B C D E F G H I
Age (%) 1 2 2 3 3 3 4 4 5
Weight

4.4 b2 18 6.4 67 72 76 7% 84
0

a  The product-moment correlation coefficient between weight and age for these
babies wasz found to be 0972 By testing for positive correlation at the 5%
significance level interpret this value

b A boy who does not know the weights or ages of these babies 15 asked to list
them, by guesswork, in order of increasing weight He puts them in the order

A CEE G D ITF H

Cbtain, to 3 decimal places, arank correlation coefficient between the boy's order
and the true weight order.

¢ Eeferring to the tables and using a 2% significance lewvel, inwvestigate for any
agreement between the boy’s order and the weight order. Discuss any conclusions

you draw from you results,

Solution:
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1p=0

a H,: p=0
Ha 1-tal =005

Test statishc=r = 0.972
»n="9 critical value = 0.2822

spper tail ts = cow since 0972505522
soreject Hy.

Conclude there iz evidence of a positive association between age and weight. This
means the older a baby iz, the heawvier it iz likely to be

b
Weight | 44|52 |58 (64|67 [72|76|79|84
Boy's order | A Bl G| D I 1 F | H
n, 123 4|5 [&] 7|8 ]9
g} 13527 (4] %68
d D |12 2|=2]12|-2]2]]1
d* Ol 1|4 |44 ]4]4]4]1
Sdt =26
£ 26
e
909 -1
o =0783(3dp)
You should
¢ H,: g =0 There iz no association between the boy’s always put your
order and the true weight order. 1-tail o=0.05]| hypotheses in
H,: & =0 There is positive association between the terms of ofirst

boy's order and the true weight order,

Test statistic =r, = 0783
critical value = 0.46000
upper tail test where tz = ooy since 0783 > 0.6000 so reject H,.

Conclude there iz ewvidence of positive association between the boy's order and the
actual weight of the babies.
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Review Exercise 1
Exercise A, Question 1

Question:

The time, in minutes, it takes Eobert to complete the puzzle in his morning newspaper
each day iz normally distributed with mean 12 and standard deviation 3. After taking
a holiday, Eobert records the titnes taken to complete a random sample of 15 puzzles
and he finds that the mean time 15 165 minutes. You may assume that the holiday has
not changed the standard dewiation of times taken to complete the puzzle.

Stating your hypotheses clearly test, at the 3% level of significance, whether or not
there has been a reduction in the mean time Eobert takes to complete the puzzle. £

Solution:
Eemember to identify which 1z H, and which is
Hyp=18H:n=18 <+— H,. Thiz iz a one-tail test since we are only
interested 1 whether the time taken to solve the
puzele has reduced. You must use the correct
parameter (0] .
Z=M=_1.9354"g— ; N—_——
TTaing 2 =——
[—ﬁ] -
i

5% one tail c.v. 15 z=-1.6449 €——— Tse the percentage point table and
quate the figure in full,

sigmificant or reject Hy or incritical region. +— _1 9364 = —1 5440

There 1z evidence that the (mean) time to complete  «—
the puzzles hasz reduced

State your conclusion in the
context of the question.

ar BEobert 1z getting faster {at doing the puzzles)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 2

Question:

In a trial of diet A a random sample of B0 participants were asked to record their

weight losz, x kg, after their first weel of uszing the diet. The results are summarized
by

Y x=3616 and I x*=1753.95.

a Find unbiased estimates for the mean and variance of weight lost after the first
weel of using diet 4.

The designers of diet.A beliewe it can achieve a greater mean weight loss after the first

week than a standard diet B A random zample of 60 people used diet B After the

first week they had achieved a mean weight loss of 4 06 kg, with an unhiased

estitnate of variance of weight loss of 2.50%kg”.

b Test, at the 5% lewvel of significance, whether or not the mean weight loss after the
first weel using diet A 15 greater than that using diet & State your hypotheses

cleatly.
¢ Explain the significance of the Central Limit Theoretn to the test in part b
d  State an assumption you have made in carrying out the test in part b E
Solution:

PhysicsAndMathsTutor.com
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3% 0
d  Assumed o =53 and ok

Thiz 15 a difference of means test
When stating hypotheses you must
make it clear which mean 1z greater
when it is one-tailed test.

o 2ole s
20
—2
o2 179395-80xx o |
79
o B8 g SO bIDSIR_ ool fiin
79 20
Hy:pa=py Hyp,>p,
.1—
Lo A52-4.06 _( 0.46 ]
1.5128  2.50 N0.060576 —
80 60

=1.868% or -1.86891f BF— Awasused.

IH_EI_I:‘“A_RHBI

] 2
\/J_uﬂ_s

Mg Hp

Tsing =z =

One tail c.ow. 158 2 =1.6449

1.87 = 16449 so reject Hy .

TTze the percentage point table and
gquote the figure in full.

There 1z evidence that diet 4 1z better than diet B or
evidence that (mean) weight lost in first weelk using

diet A 15 more than with 5.

CLT enables you to assume that 4 and 5 are
normally distributed since both samples are large.

et
_SB

© Pearson Education Ltd 2C
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state wour conclusion in the
contesxt of the question,

WVariance must be known to

use the test. Remember o

the population variance and

&° 1z an unbiased estimator

the population variance,
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Review Exercise 1
Exercise A, Question 3

Question:

A random sample of the daily sales (in £5) of a small company 15 taken and, using
tables of the normal distribution, a 99% confidence interval for the mean daily sales is

found to be

(123.5.154.7).

Find a 5% confidence interval for the mean daily sales of the company. E

Solution:

123.5= % - 2.5758 %~ (1)

g5

154.7 = T +2.5758% ~= ()

N

%(123.5+154.?)=139.]

¥ =
2575%% — =154.7-139.1
X
=15.6
o _ 156
Ju 25758
15.6
S0 95% CL =139.1+1.9600%
2.5758

=(127.22...,150.97 )

= (127,151

© Pearson Education Ltd 2C
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99% confidence interval so each tail is
0.05. Use the percentage point table
atied quete the figure in full. CT

T el

Nn

Add equations (T)and (2) to find ¥ or

calculate the mean of the given limits,

Substitute ¥ into equation (1) or (2} to find

e
,\f?_g.

95% confidence interval so each tail 15

0.025. Substitute in T and — .

Vr

Answers should be given to at least 3
significant figures.

Pagel of 1



Heinemann Solutionbank: Statistics & Pagel of 2

Solutionbank S3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 4

Question:

A get of scaffolding poles come in two zizes, long and shert. The length £ of a long
pole has the normal distribution N(19.7,0.5%). The length & of a short pole has the

normal distribution 17(4.9,0.2*). The random variables I and 5 are independent. &
long pole and a short pole are selected at random.
a Find the probability that the length of the long pole 15 more than 4 times the

length of the short pole.
Four shott poles are selected at random and placed end to end in a row. The random

variable Trepresents the length of the row.
b Find the distribution of T
¢ Find P(|L-T|=0.1). E

Solution:
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a Let X¥=71-45 then

E(X)=19.7-4%49=0.1 +———Use E{aX —bY)=aE(X)—bE(X).
Var(X) = Var(L1+4* Var () | se

=05 +16x0.2* Var(aX —4¥) = a*Var(X) + 52 Var(¥) .

= (.89

*_'_'_)_.___,_,___-—-—-—“' _x—pnu
(x>0 =p[z> %1 R
L0898

= — SR "-\_\_\_\_‘_‘_‘—‘——.___‘_ .
Rlae -0l Look z up in the tables or use

= (0542 to 0.544) 1.\ a graphical calculator,

This 15 the accepted range of
values for the answer.

B TS s 4n

*+— Since we are adding we use
EiMm=4x4% E(X+X)=E{X)+E(X,) and
=1%46 Var( X, + X)) = Var (X)) +Var(X,).
Var(T) =4 x0.2?
=0.16 or 0.4°

¢ LetY=L-T

E(¥) =E(L)-ET) +—|Using E(X -¥1=E(X)-E(¥).
=101
Var(Y) = Var( L)+ Var(T) -

— 0.5 404  Using Var(X —F)=Var (X)) + Var(F).

=041
" 0.1-01 0.1-01 *— You de not interpolate so

PO0I=Y=0.1)= P[Z = M ]_P[Z = M ] ;our.ld 3:'lou1rz valuzto 2 :

_ B B ecimal places and use the
=P s0-Rze=03D tables, or uze a graphical
=05-(1-06217 calculator.

=0.1217 (tables)
or 01226 .., (calc)
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Review Exercise 1
Exercise A, Question 5

Question:

Dezeribe one advantage and one disadvantage of
a  gquota sampling,
b simple random sampling, K

Solution:

a  Advantages hny one of

*  does not require the existence off
a sampling frame
a population list

s  field work can be done quickly as representative sample
cat be achieved with a small sample size

*+— Thiz 15 a book work, Tou
need to learn the advantages
and disadvantages of all the
sampling methods.

s costs keptto a mintmum (cheaply)
s  administration relatively easy
*  non-response not an 155ue

Disadvaniages: Any one of
* ot possible to estimate sampling errors

s interviewer choice and may not be able to
udge easily/may lead to bias

*  non-response notrecorded
* non-random process

b Advawtages any one of
*  random process so possible to estimate sampling errors
* free from bias

Disadvaniages: any one of
* not suitable when sample size 13 large

* sampling frame required which may not exist or
may be difficult to construct for a large population

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 6

Question:

A report on the health and nutrition of a population stated that the mean height of
three-year-old children iz 90 cm and the standard deviation 12 5 cm. A sample of 100

three-year-old children was chosen from the population.
a Write down the approxmimate distribution of the sample mean height Give a

reazon for your answer.
b Hence find the probability that the sample mean height iz at least 91 em. E

Solution:

- i 52 !
a XN 90, = |ie N (50,025
L7 100

Application of Central Limit Theorem

(az sample large) ~
/ gt
91—90J =

b PiXz9ly=1-P|Z =
¢ ) ( 0.25 n

=1-P(Z<2) T

=1-0.9772 Tou do not interpelate so
= 00228 round your z value to 2
decimal places and use the
tables or use a graphical
calculator.

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:

A machine produces metal containers. The weights of the containers are normally
distributed. A random sample of 10 containers from the production line was weighed,
to the nearest 0.1 kg, and gave the following results

4977, 503, 510, 455 459
5001, 502, 500, 496, 497

a  Find unbiaszed estimates of the mean and variance of the weights of the population
of metal containers.

The machine iz zet to produce metal containers whose weights have a population

standard dewiation of 0.5 kg

b Estimate the limits between which 25% of the weights of metal containers lie.

¢ Determine the 9% confidence interval for the mean weight of metal

containers. F
Solution:
: SR - axt

£y 25 001,74 — 10 50° Tsing —'—1 ar

= —

9
.2
=0193 s _=2 |
a—1l =

b Limits are 50+£1.96x0.5
={4902, 5093

+—99% confidence interval so each tail 1=
0.005. Tse the percentage point table and
0.5 gquate the figure in full.

7o) |er zrosmsex s

Nn

Final answers should be given to at least
3 significant figures.

¢ Confidence interval 13

(50— 2.5758/£, S04 25758 %

J1o

= (49.593,50.407)
= (49.6,50.4) 4
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Exercise A, Question 8

Question:

& school has 15 classes and a simth form. In each class there are 30 students. In the
sizth form there are 130 students. There are equal numbers of boys and girls in each
clags. There are equal numbers of boys and girls in the zizth form. The headteacher
wishes to obtain the opinions of the students about school uniforms,

Ezxplain how the headteacher would talee a stratified sample of size 40, E

Solution:

Total in school = (15 300 +150 = &00

Heed arandom sample of E < 40 *+—To describe a stratified sample

600 your need to
1) work out how many people to take
e from each strata,

and a random samnple of ——— x 40 21 explain how to collect the sample
0 from each strata.

=2 from each of the 15 classes

=10 from sixzth form;

Label the boys in each class from 1-15 and the gitls from 1-13.

TTze randotm numbers to select 1 girl and 1 boy from each class.

Label the boys in the sizth form from 1-75 and the girls from 1-75.

Tze random numbers to select 5 different boys and 5 different girls from the
sizth forem.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Pagel of 1

Solutionbank S3
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 9

Question:

A wotlcshop makes two types of electrical resistor,
The rezistance, X ohme, of resistors of Type A iz such that X ~ F20,4%.

The resistance, ¥ ohms, of resistors of Type B 15 such that ¥ ~ N{10, 0843

When a resistor of each type iz connected into a circuit, the resistance £ ohins of the
circuit is given by R=X +F where X and ¥ are independent.

Find

a E(R),

b Var(R),

¢ P(2B9<R<3264) E

Solution:

a E(R)=20+10=30 +— Tlsing E(X +¥)=E(X)+E().

b Var(R) =4+0.84

o 1 Tsing Var(X +F) = Varl X + Var(F) .

e Rea1(30,4.84)
P(28.9 < R <3264)=P(R <32.64) - P(R < 28.9)

=P| 2{32.64 30 |—P|Z=i 28.9-30 | < —
22 ) N 2.2 Using z ==
=P(Z <1 2 =P(Z <—0.5) o
= 08849 -(1-06919)
= 0 8349 —0 2085 *— Look z up in the tables or use a
05764 graphical calculator.
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Exercise A, Question 10

Question:

The drying times of paint can be assumed to be normally distributed & paint
manufacturer paints 10 test areas with a new paint. The following drying times, to the
nearest minute, were recorded.

B2, 98,140,110, 90,125,150, 130,70, 110,

a Calculate unbiased estimates for the mean and the variance of the population of
drying times of this paint.

g1ven that the population standard deviation 15 25,

b find a 95% confidence interval for the mean drying time of this paint.

Fifteen similar sets of tests are done and the 95% confidence interval 1z determined

for each set.

¢ Estimate the expected number of these 13 intervals that will enclose the true wvalue

of the population mean L. E
Solution:
5 f\I_f_82+98+14|i]+11[]+9|ZJ+]25+15E]+13|Z]+T"Cl+]1[]
- K 10
=110.5
q . T_Xz—.’ﬂfz » T‘_xz 1
,  128155-10=110.5 Taing = of = -
&= w—1 =1l »
9
= 67228

b 95% confidence limits are

110.5+1.96 /E

J10

= (95.005,125.995)
= (95.0,126)

95

¢ Iumber of intervals = —»

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com
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-

95% confidence interval so each tail is
0,025, TUse the percentage point table and
guote the figure in full.

B oy e

T

Anewers should be given to at least 3
significant figures,
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Review Exercise 1
Exercise A, Question 11

Question:

Some biologists were studying a large group of wading birds. & random sample of 36
were measured and the wing length, x mm, of each wading bird was recorded The
results are summarised as follows.

> x=6046, 35" =106 338.
a  Calculate unbiased estimates of the mean and the variance of the wing lengths of

these birds.
Giwen that the standard deviation of the wing lengths of this particular type of bird iz
actually 5.1 mm,
b find a 29% confidence interval for the mean wing length of the birds from this

aroup. K
Solution:
(6046 )
a F=|——=16794...
L 36 )
r i - S f 2 4
o _1016338-36x% s b3 v i ‘Ex =
25 n—1 n=1l =
=27.0

: L s al
b 99% confidence interval 15 X £2.5758 /E ‘ 99% confidence interval so rach

51 tail 1z 0.005 Tse the percentage
=167 94+ 25708 — point table and quote the figure in

36 full

CL: ¥+2.5758x—

N

= (165.75,170.13)

= {166,170 *+— Answers should be given to at
least 3 significant figures.

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

The weights of adult men are normally distributed with a tmean of 84 kg and a

standard deviation of 11 kg

a  Find the probability that the total weight of 4 randomly chosen adult men is less

than 250 kg

The weights of adult women are normally distributed with a mean of 62 kg and a

standard dewiation of 10 kg

b Find the probability that the weight of a randomly chosen adult man 1z less than

one and a half times the weight of a randomly choszen adult woman. E
Solution:
a A=M+M,+M;+M, *+— Since we are adding we use
Eifn=4x84 E(X +X,)=E(X)+E(X,) and
= 336 Var (X 4+ X0 =Var (X)) + Var(4,).
Var(X)=4 =11
=434 or 22°
X~ N(336,22%)
( 350336 -— !
P':Xi%[]):P‘ Zc‘—| Tsing g=2"H
2z ' (s
=P(Z <0.64) *+— Tou do not interpolate 20 round
= 0738 or 0,739 wour z value to 2 decimal places
and use the tables, oruse a
graphical calculator.

b M~ N(84.121) and W~ N(62,100)

Let ¥ = M —1.5W +—|Using E(X, —&X,) = E(X,) - bE(X,)

E(¥) =84-15x62=-9
Var(Y) = Var (M) +1.5 Var ()
=11* +1.5* x 104

=346

and

Var(X,—bX,) = VartX)) +5*Var(X).

0— (=9 ‘_/_/_,”",

PEF <0)=P|Z<

x—Uu

TTeing =z =
o

=P(Z <048) o |
= 0.634 ~ 0,686

Tou do net interpolate 5o round your z
value to 2 decimal places and use the
tables or use a graphical calculator,

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 13

Question:

A& researcher is hired by a cleaning company to survey the opinions of emplovees on a
proposed pension scheme. The company employs 33 managers and 425 cleaners.
To collect data the rezearcher decides to give a questionnaire to the first 50 cleaners
to leave at the end of the day.
a  Give 2 reasons why thiz method is likely to produce biased results,
b Ezplain briefly how the researcher could select a sample of 50 employees using

1 asystematic sample,

n astratified sample.
Tsing the random number tables in the formulae book, and starting with the top left
hand corner (2) and working across, 50 random numbers between 1 and 530 inclusive
were selected. The first two suitable numbers are 384 and 100
¢ Find the next two suitable numbers. E

Solution:

a  Only cleaners — no managers 1e. not all types.
ar ot a random sample; 15t 30 may be in same
shift/greupishare zame views.

b 1 Label employees (1-5500 or obtain an ordered list
=elect first using random numbers (from 1-11).
Then select every 11th person from the list
e.g if person 8 is selected then the sample 15 8, 1%, 30, 41, ... 247

1 Label managers (1-55) and cleaners (1-4935)
TTze random numbers to select..,

1] .0 managers and 45 cleaners

¢ 390,572 (They must be in this order)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 14

Question:

A zociologist is studying how much junk food teenagers eat. & random sample of 100
temale teenagers and an independent random sample of 200 male teenagers were
asked to estimate what their weekly expenditure on junk food was The results are

sumnmarised below.

n mean 5.
Female teenagers 100 £5.48 £5.62
Male teenagers 200 £6 86 £4.51

a Using a 5% significance lewel, test whether or not there 15 a difference in the mean
amounts spent on junk food by male teenagers and female teenagers. State vour

hypotheses clearly.

b Explain briefly the importance of the Central Limit Theorem in thiz problem. K

Solution:
a Hy pp=i,, Hi:ug=1,, —
_ 6.86—-548
451 3627 .
200 100
= 2860 ..

2-tail 2% critical value (+) 1.96
2860 =>+1.900

=ignificant result or reject the null hypothesis,

There 1z evidence of a difference in the
{mean) amount spent on junk food by male
and female teenagers.

This 1z a difference of means test.

(A= F)—{py—uy)

TTaing =z = - -
0, 200
By Mg

Tze the percentage point table and
guate the figure in full,

*+— State your conclusion in the context
of the question,

b CLT enables us to assume & and M are normally distributed.

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

a  State two reasons why stratified sampling might be chosen as a method of
sampling when carrying out a statiztical survey,
b State one advantage and one dizadvantage of quota sampling. K

Solution:

a Population divides into mutually exclusive/distinct groups/strata.
Its results will best reflect those of the population since the sample structure
reflects that of the population.

b Advawtages Any one of
o enables fieldwork to be done quickly
o costs keptto a minimum
o administration is relatively easy

Disadvantages: Any one of

o non-random o not possible to estimate sampling errors
o subiect to possible interviewer bias

®  non-response notrecorded

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 16

Question:

A sample of size 5 is taken from a population that i3 normally distributed with mean
10 and standard dewiation 3. Find the probability that the sample mean lies between ¥

and 10,

Solution:

E

X~ N(10,3%) - X~ AC10, )

Pii=X

o [TIU{Z{ﬂ -

x—U
Tsing z = ——
o)

A

=P(-2.236 < Z < 0)
= D) { 1- D(2.24))

Tou do not interpolate so round your
zvalue to 2 decimal places and use

=04875 +— the tables, or use a graphical

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:

A computer company repairs large numbers of PCs and wants to estimnate the mean
titme to repatt a particular fault Five repairs are chosen at random from the company's

records and the times talcen, in seconds, are

205 310 405 185 320

a Calculate unbiased estimates of the mean and the vanance of the population of

repatt times from which this sample has been taken.

It iz known from previous results that the standard dewviation of the repair time for this
fault 12 100 zeconds. The company manager wants to ensure that there is a probability
of at least 0.95 that the estitnate of the population mean lies within 20 seconds of its

true value.

b Find the minitnum sample size required. E
Solution:
a Let X represent repair time
_ 1435
Ly xr=1435.F=—T=287 | T2 _,z* (32,
3 Tsing = or =
Y xt =442 575 n=1 n=1l =
,  442575-5x% 287
Let=
4
=T7682.5

~196%x T —9q CL: %+1.96x"

Jn

N

The repair titne is between 80 and 120, 9%
b Pu—ji[i=<20=09%5 «———confidence interval so each tail is 0.025. Use the
percentage point table and quote the figure in full.

_196*c*  196%*  1.96° x100°
20° 400 400
Somample size (=) 97 required

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 18

Question:

The random variable 215 defined as

D=4-3544C
where A~ (5,27, B o N7, 3 and O ~ (9,49 and A, B and ¢ are independent,
a Find P{D < 44).
The random wvariables B, B, and B, are independent and each has the same
distribution as B The random variable X 15 defined as

2
X=A-YB+4C

i=1

b Find P{X =0). E
Solution:
a E(Dy=E{D-3E(BY+4E(C) <+ |Using E(aX £ 51 =aE{X) £ E(I)
=5-3x7+4x3
=20
War(D) = Var (A + 9WVar(8) +16WVar (i) Using 5 5
+ = +
L TN S— Var(aX T =a Var(X) T & Var(¥) .
=341
: x—u
P(Di44)=P(z{44 20]+ Using z = e
~341
=P{z=1.30)
= 0.9032 *— You do not interpolate so round your z
’ value to 2 decimal places and use the
tables, or use a graphical calculator.
b E{X)=20
- - 3
WVar(A) = Var{A)+3Var (B) +16 Var () X = A-YBi4c
=2 43% 3 +16x4° =
C =287 = A-(B+E+5)+4C
—20 -+ — N
P(X>O)=P[z> ] Tei T
287 R g
=DPiz »-1.18)
=0.8510 *+— You do not interpolate so round your z
=0.881(3:0) value to 2 decimal places and use the

tables, or use a graphical calculator.

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

A manufacturer produces two flavours of soft drink, cola and lemonade. The weights,

C and L, in grams, of randemly selected cola and lemonade cans are such that

C e M(250, 8 and L~ {345,170

a Find the probability that the weights of two randomly selected cans of cola will
differ by more than 6 g

One can of each flavour is selected at random.

b Find the probability that the can of cola weighs more than the can of letnonade.

Cans are delivered to shops in boxes of 24 cans. The weightsz of empty boxes are

normally distributed with mean 100 g and standard deviation 2 g

¢ Find the probability that a full box of cola cans weighs between 851 kg and
o2 kg

d  State an assumption you made in your calculation in part K

Solution:

PhysicsAndMathsTutor.com
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a  Let =0 -
E(W) =350-350=0
Var(W)=8+8 4—0u_ ==
—16 TTaing Varl X — Py =Var{ X+ Var(¥)
S es N0, 1E)

+—{TUsing E(X-F)=E(X)-E()

~ P W |> 6) = 2P(W > 6)

x—u

Tsaing =z =
e}

S B
_2/P|-._Z:PJT5_.-|
=2xP(Z »1.5)

= 2% (1-0.9332)

=0.1336

b Let W=C-1 _
EQ7) = 35034525 +—|Using E(X-1)=E(D)-E®)

Var (W) = 8417 s
— 55 Taing VarlX - =Var( A+ Var(¥)
S e TS, 250
-5 *—If you have used W =L—-C then
PW=0=P2Z>» = (0 (=5)
V25 P(W¢D}=P(Z{—]
=P(Z <-1) 25
= 0.8413 =Rl&<n
¢ Let =0+ +0,+5 *+— A full box consists of 24 cans and a
box

~E@F) = 24x350+100=38500 *+— Zince we are adding we use
Var(JF) = 24 « 8+ 2* =196 E(X+XA)=E(X)+E(X,) and
Var (X + X)) =Var (X)) +Var( A,

P(3510 < <8520) =P(wgzgw]
f1596 155
=071 52 <143...) — TTnits must be consistent so
= 0923607611 change them all to grams and
=0.1625 1-p

e =z =

la)

{or 0.16096 directly fom calculator)

*+— Tou do not interpolate so
round your z value to 2
decimal places and use the
tables, or use a graphical
calculator,

d All random variables are independent and normally distributed.
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Review Exercise 2
Exercise A, Question 1

Question:

During a village show, two judges, P and O, had to award a mark out of 30 to some
flower dizplays. The marks they awarded to a random sample of 3 displays were as

followrs:

Dhsplay A B C D E F G H
Judge P 25 15 21 23 28 17 16 20
Judge Q 20 9 21 13 17 14 11 15

a

two judges.
After the show, one competiter complained about the judges. She claimed that there

was 1o positive cotrelation between their matks.

Calculate Spearman's rank correlation coefficient for the marks awarded by the

b Stating your hypotheses clearly, test whether or not this sample provides support

for the competitor's claim. Use a 5% level of significance.

Solution:

PhysicsAndMathsTutor.com
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Eemember to rank the data Tt does
not matter whether you rank from

highest to lowest or vice versa as

AlB|C|D|E|F|G|H

PRamk | 21 & 121 3 1 17185 / l_ogg as you do the same for both
o |28 [1] 6 574 Jacges.

Eank
P ol 2131 3|-=212|1]1
FE ol 4 (2] 9 4 4] 11| | Thesum of your &'s should be zero,
The d@* should all be positive.

a_
24 =3 S 6y d’

Ex32 Using r, =1- —5—— from the
aln® -1

formula boolk.

. gt
8 8x (82 -1

= E or 0619 *——If you give your answer as a decimal
it should be given to 3 significant
figures.

b H,:oe=0 H,:p=0

*+—Make sure your hypotheses are clearly
written using the symbol 2. Thiz iz a one-

tail test 20 only interested if positive 1.e.

Look up the value under 0.05 in the
table for Spearman's. Quote the
figure in full.

ry 1-tail 5% critical walue 1z 0.6429

0.619 =0.642% 20 accept Hy or not significant.

Soinsufficient evidence of a positive correlation
hetween judges

or

competitor's claim 1z justified.

Draw a conclusion in the context of
the question.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 2

Question:

The Director of Studies at a large college believed that students' grades in
Mathematics were independent of their grades in English. She examined the results of
a random group of candidates who had studied both subjects and she recorded the
number of candidates in each of the & categories shown

Mathematics Mathematics MMathematics
grade A or B grade C or D grade ¥ or I
Enghsh grade A 55 55 10
or B
Enghish grade C
to U 5 30 15

a  Stating your hypotheses clearly, test the Director's belief using a 10% lewvel of
significance. Tou must show each step of vour working
The Head of Englizh suggested that the Director was losing accuracy by combining
the English grades C to T in one row. He suggested that the Director should split the
English grades into two rows, grades C or D and grades E or T as for Mathematics.

b State why thiz might lead to problems in performing the test.

Solution:

PhysicsAndMathsTutor.com
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a  H,: Mathematics grades are independent of English grades

ar
ne association between Mathematics grades and English
grades.

H,: Mathematics and English grades are dependent.

Page2 of 2

*— For a contingency table.
For H vou should use the

words ‘no association’ or
‘independent’.

or For H, you should use the
There iz an association between Mathematics grades and 2 L
Eaclich mades words “is an association’ or
' “dependent’.
Expecied frequencies B My | Moap | Mag
H,5 | 16364 30 12,636
Bopr | 13636 250 11.364
Ezxpected frequency “Maths 4 or B and
‘English A or B’ 60x30 _ 16,364 4+— Show the working for at least one
calculation of an expected value.
R 2
Test statistic =" M
- &
a 2 | 2 o 2
_ (25-16.364) +(25 a0 +___+(15 11.364%
16.364 25 11.364
t.s. =13.9%4

Degrees of freedom = 2-11x(3-11=2
Critical value = X§ (10%) =4 .605

ts = cow since 13994 = 4605

goreject Hy .

Conclude there 15 evidence of an association between Mathematics and

English grades.

b May have some expected frequencies < 5 {and hence
need to pool rowsicolumns).

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 3

Question:

A quality control manager regularly samples 20 items from a production line and
records the number of defective items x. The results of 100 such samples are given in

Table 1 below.

X 0 1 2

2

LA

T or more

Frequency 17 31 19

14

0

a Estimate the proportion of defective items from the production line.

Table 1

The manager claimed that the number of defective ttems in a sample of 20 can be
modelled by a binomial distribution He used the answer in part a to calculate the

expected frequencies given in Table 2,

b Find the value of r and the walue of & giving wour answers to 1 decimal place.

i 5 : . > 5 6 T or
more
Expected 122 27.0 r 19.0 3.2 0.9 0:2
frequency
Table 2

¢ Stating wour hypotheses cleatly, use a 2% level of significance to test the

managet's claim.

d  Explain what the analysis in part ¢ tells the manager about the cccurrence of
defective items from this production line,

Solution:

PhysicsAndMathsTutor.com
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Ox1?+1x3]+---+6x3:@:
174+31+-- +3 100

2 *— Thiz iz 1
restriction in
part «.

a mean number of defectives =

Total frequency =17 +314+---+3=100

H—_

This 15 1 restriction in

In binomial distribution with » = 20 part ¢
mean =xp so 2=20xp
Lp=0l

*— You could use the tables to
worlt this out
100 (06769 -03917

|"20‘|
b r=100x%| : (0. 1y 0.9

= 28.517
=285(1dp)
£=100-91=9.0(1dp)

*+— The total of the expected frequencies iz
the same as the total of the observed
frequencies. Here 1t 1 100

¢ H,:B20, 01715 a goodisuitable model/fit
H,: B(20, 0.1) 15 #of a suitable model

x 0 1 2 3 =4 | #*——The classes ford, 5, 6 and 7 or more
o 17 31 19 14 19 have been combined. This 15 so that
z. 122 | 270 | 285 | 1920 | 133 all the expected frequencies are
. ; greater than 5.
@ 1889 | 0593 | 3167 | 1.316 | 2.443

g 2
Test statistic =y % =9.41

or
zo_f_ e 17 +£+...+ 19 _100 *— It iz often easier to usze the formula
E, 122 27 123 z oy .
=541 E, '
_s_9-3 *— Degrees of
v=2Tes freedom = (number of cells after pooling) —

{restrict ons)

. 2
critical value = £z (3%0) =7.515 +——Look up the value under 0.05 in the

percentage points of the & ? distribution
Cuote the figure in full.

ts = oo soreject Hy.

{significant result) binomial distribution 15 not a suitable model

d  Defective items de not eccur independently or *—— 25006 the binomial does not £t then the
not with constant probability. laws for a binomial distribution can not
be true.
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Review Exercise 2
Exercise A, Question 4

Question:

The table below shows the price of an ice cream and the distance of the shop where it
was purchased from a particular tourist attraction

Ihstance from
Shop tourist attraction Price (£)
{1}
A a0 1.75
B 175 1.20
& 270 2.00
D 375 1.05
oy 425 095
i SR80 1.25
7 710 0.80
H 780 075
! 8520 1.00
J R0 .85

a Find, to 3 decimal places, the Spearman rank correlation coefficient between the
distance of the shop from the tourist attraction and the price of an ice cream.

b Stating your hypotheses clearly and using a 5% one-tailed test, interpret your rank
cotrelation coefficient. E

Solution:

PhysicsAndMathsTutor.com
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shop | Distance | Price d d’ *——— Remember to rank the data. It does not
A 1 8 | B 64 matter whether vou rank from highest
B 2 7 o 25 to lowest or vice versa ag long as you
& 3 10 =7 49 do the same for both distance and
fi, 4 & —2 4 price.
E 5 4 1 1 o .
= - = % g The su;n of your d's shou.ld. be zero.
= = 5 = 55 The &~ should all be positive.
H 8 1 2 49
I g 5 4 16
J 10 3 ki 43
>d* =236

L 6x286
’ 10{100-13

Y a
—=&=  fiom the

Tsing r, =1 AR

formula bool.

If you give wour answer as a decimal it
should be given to 3 significant
figures.

=—Hor—0.733 <
15
b H,: =0
Hosppau)

test statistic = —0.733

Wake sure vour hypotheses are clearly
written using the parameter 2.

cow. =—05636 =
t.s. < cv. since —0.733 < —0.5636

Look up the walue under 0.03 in the
table for Spearman's. Quote the figure
in full.

Eeject Hy, evidence there 1z a signific ant negafive

correlation between the rank of the price of an ice cream
and the rank of the distance from a tourist attraction.
1.e. the further from a tourist attraction you travel the less

vou are likely to pay for an ice cream.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 5

Question:

Five coins were togsed 100 times and the number of heads recorded. The results are

shown in the table below.

Number of 0 1 5 3 4 5

heads

Frequency | # 18 | 2% [ 34 | 10] 3

a  Buggest a suitable distribution to model the number of heads when five unbiased
coing are tossed.

b Test, at the 10% lewvel of significance, whether or not the five coins are unbiazed.
State wour hypotheses clearly. E

Solution:
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a B{ 05
b H, E(5, 0.3) iz a suitable model {good fit)
H;: Bi(5, 0.5) 1z a not a switable model (not a good

fif)

Total frequency = 64+184+ 28 4+344+104+2=100 *+—

This 15 1 restriction.

Expected value for no heads = 100x 0.5 = 3,125

5
Expected walue for 1Thead =100 x[ JD 5 =15.625

*— Show the wotking for at
] . least one calculation of an
Expected value for 2 heads =100 5 0.57=31.23 expected value.
3 5
Expected valuefor Zheads =100x 3 05 =3125
5 *+— Write down all the
Expected value for 4 heads = 100{4]0 5 =15.625 expected values.
3 5
Ezpected valuefor Sheads =100x s 0.5 =3125
ey
o g | OZE
E
0orl 24 1875 147
2 29 31.25 0162
3 34 31.25 0242
dors 12 1875 176
g
test statistic = Z M =364
of It 15 often easier to use the
02
4— |formula = N
2% o4 290 34F 13 ) E
YN Ii-N= + + + —100
E 1875 3125 3125 18775
= 3.64
Degrees of

B (10%) =6.251

ts < cow since 364 <6251
Insufficient ewidence to reject H, .
B3, 0.5} iz a suitable model
o evidence that coins are biazed.

© Pearson Education Ltd 2C
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freedom = (number of cells after pooling) —1
since the parameter p iz known,

. G
percentage points of the 27 distribution.
Cuote the figure in full.
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Review Exercise 2
Exercise A, Question 6

Question:

People owver the age of 65 are offered an annual flu injection A health official tock a
randotm sample from a list of patients who were over 63, Zhe recorded their gender
atidd whether or not the offer of an annval flu injection was accepted or rejected. The
results are summarized below,

Gender | Accepted | Rejected
LIale 170 110
Female | 220 140

Taing a 5% significance lewel, test whether or not there is an association between
gender and acceptance or rejection of an annual flu injection State your hypotheses
clearly. E

Solution:
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H,: He agseciation between gender and acceptance

or

gender 15 independent of acceptance

H,: There 15 an association between gender and acceptance

or

gender 15 not independent of acceptance

‘male’ and ‘accepted’ expected frequency =

700

For a contingency table
For H, wou should use the words

‘no association’ of Tindependent’
For H, vou should vze the words

iz an association’ of “dependent’.

450 280
—————— =180*—— Show the working for at

least one calculation of

an expected value.

*+— Write down all the expected

values.

— & 2
The formula Z %

15 in

the formula boole. Write down at
least two of the calculations.

Expected
Hxpecied | Accept MNot Total
fobs) aecept
Meales 150 100 280
{170 {11
Females 270 150 420
(280 {14m
Totals 450 250 700
a2
o g -2y g |
)
170 180 0.5556
110 100 1.0000
280 270 0.3704
140 150 06667
(=&,
ET =259
O 170° 1107 140°
Nl + =700 +—
-R 180 100 150
=259

v=(2-Dx2-1=1

X (5%)=3.841

mﬁ_“-——.

It iz often easier to use the
By
formula ZE’—N.

Contingency table therefore
degrees of
freedom =(c—-11(7-1).

Look up the value under 0.05 in the

percentage points of the ¥ ? distribution.
Cuote the figure in full.

3.841= 2,59 There 15 insufficient evidence to reject Hy

There iz no association between aperson's gender o

atied their acceptance of the offer of a flu jab.

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:

An area of grass was sampled by placing a Im > 1m sequare randomly in 100 places.
The numbers of daizies in each of the squares were counted. It was decided that the
resulting data could be modelled by a Potsson distribution with mean 2. The expected
frequencies were calculated using the model

The following table shows the cheerved and expected frequencies.

Number of | Observed Expected
daisies frequency | frequency
0 g 13.53
1 32 27.07
2 27 i
3 18 g
4 10 902
5 3 361
& 1 1.20
7 0 034
=8 1 i

a Find walues forr, s and £

b Tlsing a 5% significance level, test whether or not thiz Poisson model 15 suitable.
state your hypotheses clearly.

An alternative test might have been to estimate the population mean by using the data

givet,

¢ Explain how thiz would have affected the test. K

Solution:
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a =100 {06767 - 040600 =27 .07
g =100x(0.8571-067671=15.04

£ =100-[1353+27.07+27.07+15.04
+2.024+3614+1.20+0.34]

£ =012

*— The total of the observed values

*— {1z worked out using the total of

b H,: APoissen model Po(2) 13 a suitable model
Hi: A Potzzon model Po(2) 15 nof a suitable model

15 100,

the expected frequencies 1z 100,

Page2 of 2

Mumber | Obzerved | Ezpected
of The classes for 5, 6, 7 and =8
daizies have been combined. This iz 5o
0 g 1353 that all the expected frequencies
1 30 27 07 are greater than 5.
2 27 27.07
3 18 18.04 The formula
4 10 9.02 (Oi=mad,
= —_ th
&5 5 S 2 g mE
formula bool, Write
¥ ©-E) _-1353° (2-27.07)"  (5-527)° down at least two of the
E, 12,52 2707 2,27 calculations.
=3 28 (awrt)
ok 4— It 1z often easier to uge the formula
oF g 32 5 o
—-N= + +-- 4 =100 z_z'_N
E 1255 27.07 5,27 F3 '
= 3.28 (awrt) Degrees of freedom = number of cells—1
e Se T since the parameter A is known.

¥ (5%)=11.070

Y

3.28=11.070 There 15 insufficient evidence to

reject Hy
Po(2) iz a suitable maodel

Look up the value under 0.05 in the

percentage points of the ¥ distribution.
Cote the figure in full.

¢ The mean must be calculated and then A =mean. The expected values, and hence

_
27(0 EE) would be different, and the degrees of freedom would be 1 less, also

changing the critical value.

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:

The numbers of deaths from pneumoconiosis and lung cancer in a developing country
are given in the table.

Hee\gmup 2029 | 30-39 | 4049 | s0-50 | eo—so | O™
{years) over
Deaths from

puneunmoconiosis 12.5 2.9 18.5 124 31.2 31.0
(10005)

Deaths from

lung cancer 37 9.0 10.2 12.0 12.0 180
(10005)

The cotrelation between the number of deaths in the different age groups for each

dizease 1z to be investigated.

a (ive one reason why Spearman's rank correlation coefficient should be uzed.

b Calculate Spearman's rank correlation coefficient for these data.

¢ se a suitable test, at the 5% significance level, to interpret vour result State vour
hypotheses cleatly. E

Solution:
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a  The variables cannot be assumed to be normally distributed.

b
20—29 | 30-3% | 40—4% | 50-5% | 60—65 | 70+ | * | Femember to rank the data Tt
does not matter whether you
Fank x 5 & ] 3 1 2 rank from highest to lowest or
vice versa as long as vou do
Rank & 5 2 1 3 o the same for both.
) -1 1 0 2 -2 0
d? 1 1 0 4 % 0| *«——The sum of your &'z should
be zero. The & should all

be positive.

>d*=10

5 e 6x10 - 6% 42
; 6(36—1) Using 7, =1—m from the
formula book.
= E or 0714
7 *—If you give vour answer as a decitnal it should
ke given te 3 significant figures.
c H,:pe=0

*+— Make sure your hypotheses are
clearly written using the
parameter o

H:o=z00rp =0

n=16=5% critical value =0.8857

(or 0.3286)
0.714 <0.8857 (or 0.714 <0.8826)

Look up the value under 0.05 in
the table for Spearman's. Quote
the figure in full.

Mo evidence to reject Hy Mo evidence of —
*— Draw a conclusion in the contesxt

apositive correlation between the rates of ;
of the question,

deaths from preumoconiosis and lung cancer

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

students in a mixed sizth form college are classified as talting courses in either arts,
science of humanities, & random sample of students from the college gawe the

following results.

Course
Arts Sclence Humanities
sy Boy 30 a0 35
i TS 40 20 42

showing vour wotling clearly, test, at the 1% level of significance, whether or not
there iz an association between gender and the type of course taken State your

hypotheses clearly.

Solution:
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H,: There is no association between course and gender

or course 15 independent of gender *—For acontingency table
H,: There is an association between course and gender  |For Hy you should use the words

or course 15 dependent on gender nie association’ of “independent”
For H, vou should uze the words

1g an association’ or “dependent’.

Arts | Sciewce | Humes | Total
Bay 30 50 35 115
Fird 40 20 42 102
Total 70 70 77 217
Expected frequency "hoy and “arts’ *+— Show the working for at least one
_ 11570 — 37 0967 caleulation of an expected walue,
217 '
Expected A = H
(Obs) .
Boy 771 77 1 40,5 1 Write down all the expected
(30) (50) (35) values.
Girl 329 329 362
(40 | @20 | @2

C—EY (30-37.10  @0-32.9) (42 —36.2)° — 2
v 4 = + i ol L (=)
L g 371 329 36.2 The formula 3 ~———= is
=1.358+4 485+0.824 +1.532+ 5.058+0.929 =14 18 R B ,k;mte
down at least two of the
calculations.
2 2 a 2
{or ".T‘_O——N= = +4|:J +...+42 —217‘} *— It iz often easier to use the
~ E 7.1 329 6.2 1
=14.2(3af) formula Zj—m

i

v=(3-12-1)=2

*+— Clontingency table therefore
degrees of
freedom = (e -11(r-1).

I:f (1%} critical walue 15 9.210 *— Look up the value under 0.01 in

the percentage points of the 7
14.18 > 3.210 distribution. Quete the figure in
significant result or reject null hypothesis, Full

There 15 evidence of an association between *—— Draw a conclusion in the context
course taken and gender of the question
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Exercise A, Question 10

Question:

The product-moment correlation coefficient 15 denoted by » and Spearman's rank
correlation coefficient is dencted by 7,
a  =ketch separate scatter diagrams, with five points on each diagram, to show

1 r=1,

i r=-1hbur=-1
Twro qudges rank seven collie dogs in a competition. The collie dogs are labelled & to
G and the rankings are as follows.

Rank 1 2 3 4 5 [ 7
Judge 1 A C D E E F €
Judge 2 A B D i E & F

b 1 Calculate Spearman's rank correlation coefficient for these data
n  Stating your hypotheses clearly, test, at the 5% lewvel of significance, whether
of not the judges are generally 1n agreement. E

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics & Page2 of 3

a 1
$ +
+
-+
+
=+
-
ii
t +
f
+
+
+
b 1
Although the data is ranked it iz
7 1 4 2 3| 5 & 7 / easiest to rewrite it in a familiar
form.

*— The sum of your &'s should be zero.
The @* should all be positive.

d | 0 o | =g op o | -1 1

d*| 0 4 4 oo 1 1

E_dz =10 = AV
Tsing # =1-—= from the
e S BB R
F49-1) formula boolo
23

= or0821{3s1f) :
28 *+—If you give your answer as a

decimal it should be givento 3
significant figures.

i Hyp, =0 Hy:p >0 *— Make sure your hypotheses are clearly
written using the parameter &, This time

you are testing if in agreement therefore you
are testing if positively correlated.

test statistic =7, =0 821
est stabishc =7, *+— Look up the value under 0.05 in

the table for Spearman's. Quote

critical wvalue 15 0.7143 the figure in full

0821 =07143 so zsignificant result or reject
null hypothesis. g

Draw a conclusion in the contesxt
of the question,

There 1z evidence of a (positive) correlation
between the rank s awarded by the judges or the
judges agree.
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Exercise A, Question 11

Question:

Ten cuttings were taken from each of 100 randomly selected garden plants. The

numb ers of cuttings that did not grow were recorded.

The results are as follows.

Number

of cuttings 8,9
which did 0 : 2 - & - 6 ? or 10
not grow

Frequency | 11 21 30 20 12 3 2 1 ]

a Show that the probability of a randomly selected cutting, from this sample, not

growing 1g 0,223,

A gardener believes that a binomial distribution might provide a good model for the

numb er of cuttings, out of 10, that do not grow.

He uses a binomial distribution, with the probability 0.2 of a cutting not growing The

calculated expected frequencies are as follows.

Number of cuttings a 1 2 4 5or
which did not grow fnote
Expected frequency r 26.84 2013 8.81 i

b Find the values of v, 5 and é.

¢ State clearly the hypotheses required to test whether or not this binomial
distribution is a suitable model for these data.
The test statistic for the test iz 4. 17 and the number of degrees of freedom used 12 4.

d  Explain fully why there are 4 degrees of freedom.

e Stating clearly the critical wvalue used, carry out the test using a 2% lewel of

significance.

Solution:
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_ 0114+ 1= 214+ 2% 304 +77 =]
114+ 214+ 30+...+1

a  fean

223

mean = —— =223
100

In binomial, » =10, mean =xp, 2. 23=10xp
so p=0223

b r=(08"x100=107374=1074 (2 dp) *+— You could use the tables to work these
out. But you will need to use p =02

10 . ,
5=, |(0.87%(0.2x100=30.198...

so it 15 easier to do them this way.

=3020(2dp) .
B The total of the expected frequencies 1s
¢ =100-[r+s+26.84+20.13+8.81] the same as the total of the observed
=328 frequencies. Here 1t 13 100.

¢ H,: B(10,0.2) 1z a suitable model for these data

Hi: B(10, 0.2) 15 s0f a suttable model for these
data.

d  Zince ¢ <35, the last two groups are combined and v=3-1=4
since there are then 5 cells and the parameter p 1z given

Lock up the wvalue under 0.05 in the

: 2
e Critical value TF (5%)=9.488 <+—percentage points of the 3
distribution Quote the figure in full.

417 < 9488 so not significant or do not reject null hypothesis.

The binomial distribution with p =02 iz a suitable model for the number of
cuttings that do not grow.
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Exercise A, Question 12

Question:

A researcher carried out a survey of three treatments for a fruit tree disease.

Remove diseased

Spray with

hevond 4 vears

No action branches chemicals
Tree died within 1 10 5 5
year
Tree swrvived for 5 9 7
1—4 vears
Tree smvived 5 6 =

Test, at the 3% lewel of significance, whether or not there 15 any association between
the treatment of the trees and their survival. State your hypotheses and conclusion

clearly.

Solution:
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H,: There 15 no association between treatment
atied survival or treatment is independent of survival
H,: There iz association between treatment and

survival or treatment 15 dependent on survival

Mo action and tree died within 1 year

expected frequency = 205

For a contingency table

For H, vou should use the words “ne
association’ or “independent”

For H; vou should uze the words "1z

at association’ of “dependent’.

=how the wotking for at least one
calculation of an expected value,

=7
60
Expected | Mo Eemowe | Spray Totals | +—— Write down all the
(Obs) action | diseased | with expected values
branches | chemicals

Tree died [ 7(100 | (5% Ty 21
within 1
year
Survived | 700 T T 21
1—4 years
Survived )] 66 67 138
=4 years
Totals 20 20 20 &0

(O—Fy 9 4 1 4 4 1 1

¥ =T I T -— 0, — E?
& 7T 7 The formula z(’—’ 15 11
= 34761 E
the formula boole, Write down
or at least two of the calculations.
G —mg+52+ +62 60
Z, 7 R *— Tt 1z often eamertc: use
=.3:47619 . the formula Z%—N.
2

v=(3-1)x(3-1)=4

Critical value % (5%)=0438

Contingency table therefore degrees
of freedom =(c -1 —1).

or CR: 7 > 9.488

3247619 = 94588

Look up the value under 0.05 in the

_ 2
percentage points of the &
distribution Cuote the figure in full.

{or since 3. 47619, 15 #af in the critical
region (1.e. < 9488 there 13 insufficient
evidence to reject Hy

There 12 no evidence of association between tre

© Pearson Education Ltd 2C
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Draw a conclusion in the context of
the question.

atment and length of survival
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Exercise A, Question 13

Questi

on:

Crweer a period of time, researchers tock 10 blood samples from one patient with a
blood disease. For each sample, they measured the lewels of serum magnesium,
s mgfdl, in the blood and the corresponding lewvel of the disease protein, & mgfdl. The

results are shown in the table.

5

1.2

129

32

359

2.5

4.5

57

4.0

1.1

5.5

d

3.8

7.0

11.0

12.0

8.0

12.0

15:5

122

2.0

138

[Use s° =14151,2 d*=1081.74 and > sd =386.32]

d

e

f

Draw a scatter diagram to represent these data
wtate what 15 measured by the product-moment correlation coefficient.

Calculate &, o4 and S,

Calculate the value of the product-moment correlation coefficient » between & and

)

Stating your hypotheses clearly, test, at the 1% significance level, whether or not
the correlation coefficient 13 greater than zero.
With reference to your scatter diagram, comment on your result in part e

Solution:
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d

L)

%)
b4

| 2 3

4

The strength of the linear link between two variables.

2
Hee =141.51- Skl

59.524

lr‘ —
J152.444 « 26 589
= 093494

Hy:p=0H;ip=0
test statistic=» = 0935

Cntical value at 1% =07155
0.935=07155

= 265898, =152444. 5, = 55524

The formulae for these are under 51
in the formula boole

Make sure your hypotheses are clearly
/ written using the parameter g

-+

Look up the walue under 0.01 in the
table for product-moment coefficient.
Chote the figure in full.

soreject Hy o lewels of serum and disease are €——{ Draw a conclusion in the

positively correlated.

contesxt of the question.

Linear correlation significant but scatter diagram locks non-linear.

The product-moment correlation coefficient should not be used here since the
associationfrelationship is not linear,

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

The number of times per day a computer failz and has to be restarted iz recorded for
200 days. The results are summarised in the table

Hunher ol Freguency
restarts 3
0 99
1 ]
- a2
3 la
4 2
Test whether or not a Potsson model 1z suitable to represent the number of restarts per
day. Uze a 5% level of significance and state your hypothesis clearly. E
Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Statistics &

H,: Poisson distribution

1z a sutable model

H;: Poizzon distribution 15 not a suttable model

. : : g +—| &8 A is not given you must work
£ QXN+ N+ +@xD) 1530 4 |10
200 200
Total frequency =200 % Thig 15 1 restriction.
Q7652
Expected f f (== =22 %200 <+—— Show the working for at least
ARERRRRARE RS otie calculation of an
=27.23250 expected value.
Mumber of restarts gives
X Ok d E ted
fregsglecy frjzzecniy *+— Write down all the expected
0 99 93.06678... MEluES
1 65 7119604,
o 20 o7 2E050 Cotnbine the classes for 3 and
3 21 || 60y T B50M68 e (B Tz R0 At allthe
= 5 expected frequencies are
=4 J 1.56040... greater than 5.

(6,- &) _(99-93.

07nqz+

2
, (14-8.505)

Dy

=547

or

992

93066

2
L 200

2
zo—"—Nz +..
E 93.066...

v=4-2=2

Critical walue 2’22 (5% =

+
8505

-
I
-+

5591

5,505

It iz often easier to use the
2

/ formula Z%—N.

Degreesz of
freedom =number of cells— 2

It had to be estimated from the
information given,

since the parameter /2 15 unknown

*+— Look up the value under 0.05 in the

; 2
percentage points of the 2
distribution. Quote the figure in
full.

test statistic < c.w. so 547 is not in the critical region so accept H .

Humber of computer failures per day can be modelled by a Poisson distribution.
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Exercise A, Question 15

Question:

A research worlcer studying colour preference and the age of a random sample of 30
children obtained the results shown below.

Age In years Red Blue Totals
4 12 & 18
5 10 7 17
12 & 9 15
Totals 28 22 a0

TTzing a 5% significance lewvel, carry out a test to decide whether or not there 15 an
association between age and colour preference. State your hypotheses clearly,. XK

Solution:
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H,: Mo asseciation between age and colour preference

ithey are independent)

H,: Association between age and colour preference

(they are not indep endent)

4" and ‘red’
expected frequency v = fefe =10.08
o E (0 — B
E
12 10,08 | 0.3657..
& 792 04654,
10 952 0.0242,..
7 748 0.0308..
& 8.4 0.6857..
9 .6 0.8727..

2
test statistic= » % = 2.4446..

i

or
2 2 2
'_\_‘_O—"— . +.+ ? - 500
— B 10.08 bi6ix:
=2.4446...

v=(3-1)x(2-11=2

critical value = ¥ (5% =5991

(or CR: 7° = 5.991)

24446 = 5591
so insufficient evidence to reject H,.

Mo association between age and colour preference.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

- —

For a contingency table
‘no association’ of Tindependent’.

‘1z an association’ or “dependent’

For H, you should use the words

For H, vou should use the words

“how the working for at least one
calculation of an expected walue.

*— Write down all the expected values.

It iz often easier to use the formula

Of

Contingency table therefore
degrees of freedom =z -1y — 1)

Look up the value under 0.05 in the

; 2
percentage points of the 4
distribution. Quote the figure in
full.
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Exercise A, Question 16

Question:

A manufacture claims that the batteries used in his mobile phones have a mean
lifetitme of 360 hours and a standard dewiation of 20 hours, when the phone 12 left on
standby. To test thiz claim 100 phones were left on standby until the batteries ran flat
The lifetime £ hours of the batteries was recorded.

The results are as follows.

t 200— 20— 40— 250— 60— 30— 380— 400—
Frequency 1 9 28 a0 16 158 7 1

A researcher beliewves that a normal distribution might provide a good model for the
lifetime of the batteries
whe calculated the expected frequencies as follows using the distribution I ~. (360,207

: =320 | 320— | 340— | 355— | 365— | 370— | 3380— | 400—
Expected | 500 | 1359 | 2496 r s 1498 | 1350 | 228
frequency

a Find the values of # and =.
b Stating clearly your hypotheses, test, at the 1% lewel of significance, whether or
not this normal distribution 15 a suitable model for these data.

Solution:
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a p(355{ﬁ355;.=P[2{M]_p[zqw] _ x— i
20 20 TTaing z = :
= P(z < 0.25)— F(z < —0.25) &
=0 5987 -{1- 035987
=0.1974

r=01974 =100
*— You could uze the normal
=18.74 distribution to wotle out the
g=100-228-1359-24 26 -1274-14 98-1559- 228 | expected value. This is

= o923 ruicker.

b H,: M~ (360,20) is a suitable model.
H,: I~ (360,200 15 not a suitable model

4 =340 | 340— | 355— | 365~ | 370— | 80—
Chserved 10 28 20 16 1s 8
frequency
Expected | 1087 | 2426 | 1274 | 9.28 14,95 | 1587
frequency

— gye _ 2 - 3
teststatistiu:=i.(o" &) :(10 15.87) + +m

E 1587 1587
=12.13
or
It iz often easier to use the formula
oF 107 52 PR o
Y L-N= +.+ ~100 YL -N.
E 1587 1587 =,

*— Degrees of
freedom =number of cells—1

since [ and o are given

Critical value ;1’_3 (1%) =15.086

*+—— Look up the value under 0.01 in the

; 2
12,153 =15.086 so accept H, . percentage points of the &
distribution. Quote the figure in
The distribution can be modelled by full.

a 17 o (360, 20).
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